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Abstract. For narrowing to be an efficient evaluation mechanism, sev-
eral lazy narrowing strategies have been proposed, although typically
for the restricted case of left-linear constructor systems. These assump-
tions, while reasonable for functional programming applications, are too
restrictive for a much broader range of applications to which narrow-
ing can be fruitfully applied, including applications where rules have a
non-equational meaning either as transitions in a concurrent system or
as inferences in a logical system. In this paper, we propose an efficient
lazy narrowing strategy called natural narrowing which can be applied
to general term rewriting systems with no restrictions whatsoever. An
important consequence of this generalization is the wide range of applica-
tions that can now be efficiently supported by narrowing. We highlight a
few such applications including symbolic model checking, theorem prov-
ing, programming languages, and partial evaluation. What thus emerges
is a general and efficient unified mechanism based on narrowing, that
seamlessly integrates a very wide range of applications in programming
and proving.

1 Introduction

Rewriting is currently recognized as a very general declarative formalism to
specify, program, and reason about computational systems. The more tradi-
tional applications have been in the context of equational reasoning and of
equational/functional programming, where the rewriting relation is understood
as oriented equality. But there is an increasing awareness of the usefulness of
rewriting in non-equational contexts, where a rewrite is understood as a transi-
tion or an inference: for example to specify and program concurrent systems or
logical inference systems. This has led, for example, to theoretical developments
such as rewriting logic [33], and to the development of language implementations
supporting non-equational rewriting such as ELAN [§] and Maude [9].

A similar widening of the scope is needed for narrowing, which generalizes
rewriting by performing unification in nonvariable positions instead of the usual
matching. Narrowing can in this way endow rewriting languages with new pro-
gramming and reasoning capabilities in a much wider setting and for a much
wider range of applications than those based on equational logic. The tradi-
tional understanding of narrowing [I8J26] has been as a mechanism for equa-
tional wnification, that is, for solving equational goals E + (37) ¢t = ¢'; as



a consequence, properties such as confluence and termination have often been
assumed, and many equational reasoning applications, as well as a number of
functional/logic programming languages supporting narrowing, have been de-
veloped. As proposed for example in [35], in a non-equational setting narrowing
can instead be understood as a powerful mechanism for solving reachability goals
RE (3T)t —*t in a rewrite theory R. The traditional equational interpreta-
tion can still be kept as a special case since, as explained in Section [4:2] solv-
ing equations becomes a special case of solving more general reachability goals.
However, in this wider setting traditional assumptions such as confluence and
termination are in general no longer reasonable (see Section and [3541] for
a discussion of completeness issues for narrowing in this setting).

A key challenge for narrowing is the danger of combinatorial explosion in
exploring the narrowing tree. It becomes in fact essential in practice to use
adequate narrowing strategies that are as greedy as possible, yet remain com-
plete. One important breakthrough in this direction was the realization that
one could extend the work on optimal lazy reduction strategies originating with
Huet and Levy [25], and extended in different ways by other researchers (see,
e.g., [B8IBIEIT4]) to obtain efficient lazy narrowing strategies that only instan-
tiate those positions that are really needed. This was first achieved by Antoy,
Echahed and Hanus, who extended their (weakly) outermost-needed rewriting
strategy to a (weakly) needed narrowing strategy [6J5]. Recently, both (weakly)
outermost-needed rewriting and (weakly) outermost-needed narrowing have been
further improved by Escobar by means of the natural rewriting and natural nar-
rowing strategies [I4/T5]. We postpone a more detailed discussion of related
work in this area until Section [I.1] For the moment, the main point to bear in
mind is that most of the work on lazy rewriting and lazy narrowing strategies
[20/30122I38IBI5I6I4UT4UT5] has taken place within the context of functional (logic)
programming languages, and depends on assumptions such as having left-linear
and constructor-based rules. These assumptions are reasonable for some func-
tional (logic) programming languages, but they substantially limit the expres-
sive power of equational languages such as OBJ [21], CafeOBJ [19], ASF+SDF
[13], and the equational subset of Maude [9], where non-linear left-hand sides
which need not be constructor based are perfectly acceptable. Such assumptions
become even more restrictive and unreasonable for non-equational rewriting lan-
guages such as ELAN [§] and Maude [9], where a rewrite ¢ — ¢’ is no longer
understood as a step of equational simplification but as a transition, and where
the rules need not be confluent nor terminating, need not be left-linear, and the
constructor-based assumption is utterly unreasonable and almost never holds.

The goal of this paper is to propose an efficient lazy narrowing strategy
called generalized natural narrowing that greatly extends the natural narrowing
strategy of [14] and keeps all the good properties while overcoming all the above
limitations. In fact our strategy can be applied to completely general rewrite sys-
tems with no restrictions whatsoever: even rewrite rules with extra variables in
their righthand sides are allowed; furthermore, we allow rewritings to be context-
sensitive [31] according to a function ¢ specifying which argument positions in



each function symbol are frozen, so that rewriting in the subterms at those po-
sitions is forbidden. In this way, we obtain a general lazy narrowing strategy
applicable in the broader setting of solving reachability goals for rewrite systems
whose rules can have a non-equational semantics. Furthermore, this generaliza-
tion is obtained together with actual gains in efficiency, in the sense that our
natural narrowing strategy, besides being efficiently implementable, performs
strictly better than previously proposed lazy strategies when specialized to their
setting (see Section . A further efficiency advantage, generalizing that of
[6/5IT4ITH], is that, as explained in Section [3] natural narrowing computes sub-
stitutions in an incremental way, without explicit use of a unification algorithm.
Perhaps the most important consequence of the generality of our natural narrow-
ing strategy is the wide range of applications that can now be supported. To give
the reader a better feeling for some of these application areas, including sym-
bolic model checking, programming, theorem proving, and partial evaluation, we
discuss those areas, and the respective benefits of using natural narrowing for
each of them, in Section [} What emerges, in summary, is a general and efficient
unified mechanism, seamlessly integrating rewriting and narrowing, and making
it available for a very wide range of programming and proving applications.

To give the reader a first intuitive feeling for how our generalized natural
narrowing works, and for the difficulties that it resolves, we illustrate some of
the key issues by means of a simple example.

Ezample 1. Consider the following rewrite system for proving equality of arith-
metic expressions built using division (<), modulus or remainder (%), subtrac-
tion (—), and minimum (min) operations on natural numbers.

W M%s) - M—sM) % s@  (5) min(0, N) — 0

(2 (0 — sM) % s() — N — M (6) min(s(N),0) — O

3)M—-—0—M (7) min(s(N) ,s(M)) — s(min(M,N))

(4) s — s(N) — M—N (8) X = X — True
Note that this rewrite system is not left-linear because of rule (8) and it is
not constructor-based because of rule (2). Furthermore, note that it is neither
terminating nor confluent due to rule (1).

The aim of natural rewriting and narrowing strategies [14] is to lazily com-
pute head-normal forms of a given term ¢. Specifically, given a term that is not
a head-normal form, the strategy reduces (narrows) to the extent possible, only
those redexes (narroxes) that are necessary for a rule to be applied at the root.
We would like to generalize natural rewriting and narrowing to a version that
enjoys the good optimality properties of natural rewriting and natural narrow-
ing (see [I4]) and that can also handle non-left-linear and non-constructor-based
rules such as (2) and (8). This is accomplished for rewriting in the generalized
natural rewriting strategy of [I7]. In this paper, we are interested in a narrowing
strategy which, besides performing the minimal number of evaluations, instan-
tiates variables only as much as necessary. For example, consider the terHEI

4 The subterm 10! represents factorial of 10 but we do not include the rules for !
because we are only interested in the fact that it has a remarkable computational
cost, and therefore we would like to avoid its reduction whenever possible.



to = 10! %min(X,X—0) ~ 10! %0 and the following two narrowing sequences
we are interested in amongst all possible. First, the following sequence leading
to True, that starts by unifying subterm to|1 o with left-hand side (lhs) I5:

10! % min(X,X—0) =~ 10' %0 ~ X 0] 10! %0 = 10! %0 ~v;q True

Second, the following sequence not leading to True, that starts by reducing
subterm to|1 2.2 with lhs I3 and that early instantiates variable X:
10! %min(X,X—0) =~ 10! %0

~xosxe)) 10! %omin(s(X?),s(X’)) ~ 10! %0

~id 10! % s (min(X’,X?)) ~ 10! %0
Note that although it is possible to further narrow the last term, we are not
interested in doing so, since such term is already a head-normal form. In the
following, we informally introduce the key points of our strategy:

1. (Demanded positions). This notion is relative to a lhs [ and determines which
positions in a term ¢ should be narrowed in order to be able to apply lhs [
at root position. For the term ¢ = 10! %min(X,X—0) ~ 10! %0 and lhs
ls = X =~ X, only subterm min(X,X—0) is demanded, since it is the only
disagreeing part in to|; w.r.t. to|s.

2. (Failing term). This notion is relative to a lhs [ and stops further wasteful
narrowing steps. Specifically, the last term 10! % s (min(X’,X’)) =~ 10! %0
of the second former sequence fails w.r.t. lg, since the subterm s (min (X’ ,X’))
is demanded by lg but there is no possible narrowing step above it that would
convert it into term O.

3. (Most frequently demanded positions). This notion determines those de-
manded positions w.r.t. non-failing lhs’s that are demanded by the maxi-
mum number of rules and that cover all such non-failing lhs’s. It provides
the optimality properties of our natural rewriting and narrowing strategies,
since it substantially reduces the set of positions to be considered. If we
look closely at lhs’s I5, lg, and [7 defining min, we can see that position 1 in
the term min(X,X—0) is more demanded than position 2, i.e., position 1 is
disagreeing w.r.t. ls, lg, and l7, whereas position 2 is disagreeing only w.r.t.
lg and I7. Thus, position 1 is the most frequently demanded position for all
rules defining min that also covers such rules. Note that position 1 is rooted
by a variable and this motivates the following point.

4. (Lazy instantiation). This notion relates to an incremental construction of
unifiers without the explicit use of an unification algorithm. This is necessary
in the previous example, since subterm min(X,X—0) does not unify with lhs
l¢ and l7. However, we can deduce that narrowing at subterm X—0 is only
necessary when substitution [X — s(X?)], inferred from lg and 7, have been
applied. Thus, we early construct the appropriate substitutions [X — 0] and
[X — s(X’)] in order to reduce the search space.

Following is the outline of the rest of the paper. In Section [2] we present the
preliminary background. In Section[3|we define our generalized natural narrowing
strategy. In Section [} we motivate our work by illustrating various applications
of the generalized narrowing strategy. We conclude in Section [5| Proofs of all



results are given in Appendix [A] Now, we further motivate the paper with a
comparison with the related literature.

1.1 Related work

The rewriting and narrowing strategies known as lazy avoid the combinatorial
explosion by computing (whenever possible) only those evaluation steps that are
needed for obtaining head-normal forms. Lazy rewriting strategies are based on
the original strongly needed reduction strategy of Huet and Levy [25]. This strat-
egy is optimal (computes only needed steps), correct, and complete for strongly
sequential rewrite systems (SS), a subclass of orthogonal rewrite systems. Note
that this strategy does not apply to Example since orthogonality implies
left-linearity. Sekar and Ramakrishnan proposed the parallel needed reduction
strategy [38] as an extension of Huet and Levy’s strongly needed reduction to
make it correct and complete for a larger rewrite system class, though still op-
timal for the former class. This larger rewrite system class is constructor-based
weakly orthogonal systems (CB-WO), and thus it is not applicable to Example
Antoy proposed the outermost-needed rewriting [3] as an efficient implementa-
tion of strongly needed reduction for inductively sequential rewrite systems (IS),
which are equivalent to SS’s when instantiated to left-linear constructor systems
[24]. In [3], Antoy also provides the weakly outermost-needed rewriting to make
outermost-needed rewriting correct and complete for CB-WQO’s. Thus, both are
not applicable to Example

The continuous interest in the unification of functional and logic program-
ming in a seamless way attracted much attention (see [23] for a survey) and
Antoy, Echahed and Hanus extended Antoy’s outermost-needed rewriting strat-
egy to the needed narrowing strategy [6], becoming the best narrowing strategy
for functional logic programming languages over other narrowing strategies such
as [20030122] (see [6] for a detailed comparison). Antoy, Echahed, and Hanus ex-
tended their needed narrowing strategy to the weakly needed narrowing strategy
[5] in order to cope with CB-WOQO'’s. Note that these strategies are not applicable
to Example

In recent work [I4], we have proposed refinements of (weakly) outermost-
needed rewriting and (weakly) needed narrowing, called natural rewriting and
natural narrowing. These strategies compute less than (or exactly the same) steps
than outermost-needed rewriting and needed narrowing for IS’s. Optimality is
identified for specific terms rather than classes of rewrite systems. In the case
of weakly outermost-needed rewriting and narrowing, they also compute less
than (or exactly the same) steps. However, they are not applicable to Example
because of left-linearity and constructor-based conditions.

It is worthy to mention that an exception about left-linearity condition is [4].
In [4], a non-left-linear rule “I — r” is transformed into a left-linear conditional
rule “’ — rif ..., X | Xq,...,X | X,,...” by renaming, in the linear term ',
extra occurrences of a variable X to Xi,...,X,. However, t | s succeeds only
if there exists a constructor term w such that ¢ —* w and s —* w and this is
an unreasonable condition for the kind of rewrite systems with a non-equational



semantics considered in this paper. Anyway, the strategy is not applicable to
Example [T] since imposes the constructor-based condition.

This work is part of a broader joint effort to generalize narrowing from equa-
tional logic to rewriting logic, so as to make possible a much wider range of
applications. It builds on our previous work extending natural rewriting to gen-
eral term rewriting systems [I7], and also on work by Meseguer and Thati on
narrowing for rewrite theories [35l41]. As shown in [35/41], for general rewrite
theories which need not be confluent and need not be terminating, the issue of
completeness, that is, of narrowing being a complete semi-decision procedure for
solving reachability goals, is nontrivial and does not always hold, essentially be-
cause rewrites can take place in the substitutions. The paper [35] characterizes
several classes of rewrite theories for which narrowing is complete; and [41] gives
a generalized “back-and-forth” version of narrowing that is guaranteed to always
be complete. In contrast to [35/41], this paper offers a narrowing strategy, which
could be the basis of [35/41], to make narrowing efficient, and proves that this
strategy is sound and complete in a different sense of “completeness,” namely
that any solution found by unrestricted narrowing (outside substitutions) will
also be reachable using the strategy.

2 Basic Concepts

We assume some familiarity with term rewriting and narrowing (see [40123] for
missing definitions). We assume a signature X and an infinite set of variables
X. We write T, for ground terms, and Ts;(X) for terms with variables. Var(t)
denotes the set of variables occurring in ¢. A variable x € Var(t) is called linear
in ¢ if it has only one occurrence in ¢. A term t is said to be linear if every
variable x € Var(t) is linear in ¢.

Positions are defined as strings of natural numbers, with A the root (or
empty) position, p.q position concatenation, and p < ¢ the usual prefix ordering.
We extend position concatenation to sets P.QQ = {p.q | p € P Aq € Q} and use
P.q and p.Q as shorthands for P.{q} and {p}.Q. We say p € P is an outermost
position in P if there is no ¢ € P such that ¢ < p. If p = ¢.¢/, we define
p/q = ¢'. root(t) denotes the symbol labeling the root position, ¢|, the subterm
at position p, t|p its extension to a set of positions, and t[s], the replacement of
subterm ¢|, in ¢ by s. Posg(t) denotes all positions in ¢ with a symbol from S C
Y UX; we use Posy(t) and Pos(t) as shorthands for Posg sy (t) and Poszux (t).
A substitution is a mapping from variables to terms, its application to a term
is denoted by o (t), its restriction to a set of variables V' is denoted by oy, and
substitution concatenation is denoted as o o 0, i.e., o(6(z)) for a variable x. We
write o1 (z) = {y | o(y) = x}. We write t < ¢’ if 3o : o(t) = ¢/, and in that case
we say t matches t'.

A rewrite rule is written [ — r, where I, € Tx(X) and | ¢ X. A rewrite
systemﬂ is a triple R = (X, ¢, R) with X a signature, R a set of rewrite rules, and

5 What we call here a rewrite system is a special case of a rewrite theory [34], which
is a 4-tuple (X, ¢, E, R) with F a set of equations.



¢ : X — P(N) specifies the frozen arguments of each symbol ¢(f) C {1,...,k}
for the arity k of f. We say position p in ¢ is frozen if 3¢ < p such that p = q.i.¢’
and ¢ € ¢(root(t|y)). L(R) denotes the set of left-hand-sides (lhs) of rules in R.
R is called left-linear if all left-hand-sides are linear terms. Given R = (X, ¢, R),
we can decompose X as the disjoint union X' = C W D of symbols ¢ € C, called
constructors and symbols f € D, called defined symbols, where D = {root(l) |
l € L(R)} and C = ¥ — D. A pattern is a term with only one defined symbol,
at root position. R = (C W D, ¢, R) is called a constructor system (CS) if all
left-hand-sides are patterns.

A rewrite step is defined as t —,;_.,y s (or simply t — s) if p € Posp(t) is
not frozenin ¢, — r € R, t|, = o(l) and s = t[o(r)],. The pair (p,l — r) or the

subterm |, are called a redex. 24 denotes a rewrite step at a position p > A.
A term t is called a normal form if there is no rewrite step from ¢ and a head-
normal form (or root-stable) if there is no rewrite sequence starting from ¢ with
a step at root position. A substitution o is called normalized if o(x) is a normal
form for all variables z. Similarly, a narrowing step is defined as t ~ ¢, ., 5y s
(or simply t ~~4 s) if o(t) —,1—py 5. The triple (p,l — r,0) is called a narroz.

3 Generalizing Natural Narrowing

In [I7], we have generalized the natural rewriting strategy of [14] to the larger
class of rewrite systems that need not be left-linear and constructor-based.
A noteworthy feature of the generalization is that it is conservative, i.e., the
generalized strategy coincides with the original one for the class of left-linear
constructor-based rewrite systems.

In this paper, we define, again for this larger class of systems, a generalized
natural narrowing strategy that, to the extent possible, performs only those nar-
rowing steps that are essential for applying some rule at root position. That is, if
a term ¢ is not a head-normal form (or some substitution making the term not a
head-normal form exists), then we know that after a (possibly empty) sequence
of narrowing steps at positions other than the root, a narrowing step at the root
position with a rule [ — r is possible. Besides, narrowing can be simply under-
stood as an extension of rewriting, where in addition to rewriting at non-variable
positions, one can also instantiate variables; indeed, we can see any narrowing
step as a sequence of several unitary instantiations and a reduction step. Ac-
cording to the previous two points, we adopt the approacl”ﬁ of computing: (i) a
demanded set of narroxes for non-variable positions in ¢ such that at least one
of them has to be reduced before any rule can be applied at the root position;
and (ii) a demanded set of variables in t such that at least one of them has to
be instantiated before any rule can be applied at the root position.

We use the notions of demanded positions, failing terms, and most frequently
demanded positions, as in [I7]. First, we recall the notion of demanded positions.

5 This idea of demandedness for reductions and instantiations is common in lazy nar-
rowing strategies for programming languages, such as needed narrowing [6]; see [7]
for a survey about demandedness in programming languages.



Definition 1. For a term s and a set of terms T = {t1,...,t,} we say that s
is a context of the terms in T if s < ¢; for all 1 < ¢ < n. There is always a
least general context s of T, i.e., one such that for any other context s’ we have
s’ < s; furthermore s is unique up to renaming of variables. For 1 <1 < n, let the
substitution o; be such that o;(s) = t; and Dom(o;) C Var(s). We define the set
Posx(T) of disagreeing positions between the terms in T as those p € Posx(s)
such that there is an ¢ with o;(s|,) # s|p.

Definition 2 (Demanded positions). For terms | and t, let s be the least
general context of | and t, and let o be the substitution such that o(s) = 1. We
define the set of demanded positions in t w.r.t. to l as

DP(t) = U if o(x) ¢ X then Posy(s) else Q. Posx(t|q)

s
eVar(s) where Q = P0s,-1(o())(5)

Intuitively, the set DP;(t) returns a set of positions in ¢ at which ¢ necessarily
has to be “changed” (either by a narrowing step if it is a non-variable position, or
by an instantiation if it is a variable position) before the rule [ — r can be applied
at the root position, i.e., before [ can match the term under consideration.

Ezxzample 2. Consider the left-hand side ls = X =~ X and the term
ts = 10! %min(X,X—0) ~ 10! %0 of Example [1] The least general context
of ls and ty is s = W ~ Z. Now, for 0 = {W — X,Z — X}, we have o(s) = Is.
Then, while computing DP;,(t2), we compute the set of disagreeing positions
between the subterms in to corresponding to the non-linear variable X in g, i.e.,
the set Pos(T) for T' = ta]f1 2y = {10! %min(X,X—0),10! % 0}. According
to Definition [I} the least general context of T"is the term 10! %Y and the set
of disagreeing positions between terms in T is then Posx(T") = {2}. Thus, we
obtain that DPj,(t2) = {1,2}.{2} = {1.2,2.2}.

Now, four points have to be addressed. First, note that the symbol at a
position p € DP;(t) in t can be changed not only by a narrowing step or by
instantiation at p, but also by a narrowing step or instantiation at a position ¢ <
p. Thus, besides considering the positions in DP;(t) as candidates for evaluation,
we also need to consider the positions ¢ in ¢ that are above some position in
DPy(t). However, we only need to consider those positions ¢ at which ¢ has
a defined symbol that is not frozen, because otherwise an evaluation at that
position in ¢ is not possible. Thus, for a position ¢ in a term ¢, we define DtT (¢9) =
{plp<q A p€ Posp(t) Apisnot frozen}. We lift this to sets of positions as
DHQ) = quQDZ (¢). This gives us the following useful result that shows how
demandedness captures the neededness of positions in rewrite sequences for the
application of a rule at root position.

Lemma 1. [17] Consider a rewrite sequence t — (p, 1, —py) t1 " = (p 1n—rn) tn
such that p, = A. Then, either I, <t or there is a k, 1 < k < n, such that
pi € D{(DP,(1)).



Ezample 3. Continuing Example [2| we have Dth (DPy(t2)) = DL ({1.2,2.2}) =
{A,1,1.2,2}, since position 2.2 is rooted by a constructor symbol, and thus
removed.

Second, we only compute DP;(t) for those left-hand sides [ such that ¢ does
not fail w.r.t. [. Roughly, we say t fails w.r.t. [ if no sequence of narrowing steps
or instantiations in ¢ will help to produce a term to which the rule I — r can be
applied at the root. Thus, we can safely ignore the positions demanded by such
[. Note that this behavior is proved to be complete in Theorem [3| below.

For a position p and a term ¢, we define the set R;(p) of reflections of p w.r.t.
t as follows: if p is under a variable position in ¢, i.e., p = ¢.¢' for some ¢ such
that t|, = z, then R;(p) = Pos,(t).¢, else Ri(p) = {p}. We say that the path to
pin t is stable (or simply p is stable) if root(t|,) € X and Dl (p)\ {4} = @.

Definition 3 (Failing term). Given terms l,t, we say t fails w.r.t. I, denoted
by | 4 t, if there is p € DPy(t) such that p is stable, and one of the following
holds: (i) Ri(p)NDP;(t) = {p}; or (i) there is ¢ € R;(p)NDP;(t) with root(t|,) #
root(t|y), and q is also stable. We denote byl 4 t that t is not failing w.r.t. I.

Ezample 4. Consider the subterm ta|2 = 10! % 0 and the lhs’s [; =M% s (V) and

lo = (0 — s(M) %s) in Example We have that I; <« ta]y and Iy < ta|a,

because position 2 in ta|2 belongs to DPy, (t2|2) and DPy,(t2]2), is stable, and

Ry, (2) = Ry, (2) = {2}. Similarly, the term ¢’ = 10! % s (min(X’,X’)) ~ 10! %0
fails w.r.t. lg since 1.2,2.2 € DP;,(t'), 1.2,2.2 are stable, and R;,(1.2) = R;,(2.2) =
(1.2,2.2).

Third, we do not consider all positions in each DP;(t) but a subset called
the most frequently demanded positions. The idea behind this is that narrowing
or instantiating at those positions is enough for being able to reduce at root
position. In this way, we can substantialy reduce (or optimize) the set of positions
to be considered. Specifically, for each | € L(R) such that | # t, instead of
considering (the defined symbols above) every position in DP(¢), it is sufficient
to consider only the positions R;(q) for at least one ¢ € DP;(t). Note that this
behavior is proved to be complete in Theorem [3| below.

Definition 4 (Most frequently demanded positions). Given the sets of
positions {Q1,...,Qn} = Ujcr g {IDPI(t)}, we define the filtered set of de-
manded positions of a term t, denoted by FP(t), as one of the minimal sets of
positions P such that (i) for each 1 < j <n, Q;NP # & and (ii) for each p € P
and l € L(R) such that p € DP(t), Ri(p) C P.

Ezample 5. Consider the subterm to|; = 10! % min(X,X—0) and the lhs’s /; and
l5in Example The reader can check that DPy, (t2]1) = {2}, DPy, (t2]1) = {1, 2},
and DPi(taly) = {A} for any other 1lhs [. Then, we have
UleL(R)AHt{DPl(t)} = {{2},{1,2},{A}} and FP(t2]|1) = {4,2}, since this set
covers the three previous sets obtained from the rules. On the other hand,
consider the term ¢, and the lhs lg in Example [I| From Example [2| we have
DPy (t2) = {1.2,2.2} and DP;(t2) = {A} for any other lhs . Thus, FP(t2) =
{A,1.2,2.2}, since this set is closed by reflection.



Fourth, whenever ¢ matches [ for a rule [ — r, in addition to reducing ¢t with
I — r we have to consider as candidates for evaluation those positions ¢ in t
that have a defined symbol and that are above a variable position in [. This is
necessary for completeness of the strategy, see [I7]. Now, we are able to define
the set of sufficient demanded positions that collects the four previous ideas.

Definition 5 (Sufficient demanded positions). We define the sufficient set
of demanded positions of a term t as

SP(t) = Uier(ryni<t D} (Posx (1)) U D/ (FP(t)).

FEzample 6. Consider term t5 in Example m Since ty is not a redex, we have
SP(ty) = D} (FP(t,)). By Example 5| we have SP(ty) = D/, ({4,1.2,2.2}). And
by Example we have SP(t2) = {4,1,1.2,2}.

At this point, we can recalﬂ the generalized natural rewriting strategy [17].

Definition 6 (Generalized Natural Rewriting). We define the set of de-
manded redexes of a term t as

DE(t) = {(A,l=r) [ 1€ LR) A<t} U Ugespigay -DR(tq)

where for a set of redexes S we define ¢.S = {{¢.p,l—7) | (p,l—r) € S}. We

say term t reduces by natural rewriting to term s, denoted by t 3<p,lﬂr> s (or

simply t = s) if t =1y 5, (0,1 — 1) € DR(t).

Theorem 1 (Correctness & Completeness). [17] If a term t is a > -
normal form, then t is root-stable. If t —* s, then there is an s’ such that

t B ' root(s') = root(s) and s' 2hxs,

Before defining generalized natural narrowing, we have to define a set of
demanded substitutions for narrowing, to address the question of what substi-
tutions the demanded variable positions are to be instantiated with.

Definition 7 (Demanded substitutions). We define the set DSub(t) of de-
manded substitutions for narrowing ¢ at the root position as follows. For each
pair of p € FP(t) N Posx(t) and | € L(R) such that p € DP;(t) and | A t, we
construct the substitution o as explained below, and stipulate that o € DSub(t).
If p € Posx(l), then o = [t|, — root(l|,)(w)] for fresh variables w. On the
other hand, if p ¢ Posx(l), then we know that p is under a non-linear variable
position in I, i.e., |R;(p) N DP;(t)| > 1, and let @ = R;(p) N DP;(t). There are two
cases: (i) if all the terms in ¢|g are variables, then we define o to be such that for
every ¢ € ( we have o(t|;) = w for a fresh variable w, (ii) if every non-variable
term in t|g is rooted by the same symbol f, then we define o = [t|, — f(w)].

" Generalized natural rewriting is formalized in [I7] using a stronger failing notion
instantiated for rewriting, where condition root(t|,) ¢ X in the stable definition is
removed.
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Note that, in the previous definition, if there are two non-variable positions
p1,p2 € @Q such that t|,, and ¢|,, are rooted with different symbols, then no
substitution can resolve the conflict between the disagreeing positions p; and ps
and they are demanded for evaluation.

We can deduce the following useful result that ensures that appropriate sub-
stitutions are inferred from left-hand sides for demanded variable positions.

Lemma 2. Letl, t, o, and p € FP(t) NPosx(t). If L A t, p € DP;(t), and p &
DPy(o(t)), then there exists 0 € DSub(t) s.t. 0(t],) # tlp and 0]yare) < lvarc)-

Ezample 7. Consider the subterm ¢2]12 = min(X,X—0) and the lhs’s Iy =
min(0,N), lg = min(s(N),0), and Iy = min(s(N),s(M)) of Example [[] The
reader can check that DPj_(t2]1.2) = {1}, DPi,(t2|12) = {1,2}, DP; (t2]1.2) =
{1,2}, and DP(t2]1.2) = {A} for any other lhs I. Thus FP(ts]12) = {A,1} ac-
cording to Definition [d] Then, position 1 is a variable position and we have that
the demanded substitutions for its variable X are DSub(t2]1.2) = {[X+— 0, X
s(X’)]}, since 1 € Posx(ls), 1 € Posx(lg), root(ls]1) = 0, and root(lg|;) = s.

Thus, substitutions are computed in a lazy and incremental fashion with-
out resorting to an explicit unification algorithm. Now, we formally define our
generalized natural narrowing strategy.

Definition 8 (Generalized Natural Narrowing). We define the set of de-
manded narroxes of a term ¢ as

DN(t) = {(4,l—=rid) |l € LR) AL <t} U Ugespungay DN(tlg) U
UJGDSub(t) DN(U<t))@U

where for a set of narroxes S we define ¢.S = {{q.p,l—1,0) | (p,l—r,0) € S} and
SQo = {(p,l—=r,0 00} | (p,l—r,0) € S}. We say that term ¢ reduces by natural
narrowing to term s, denoted by ¢ yw(p’l_m@ s (or simply ¢ <> s) if ¢ ~ (p o) S
(p,l = r,o) € DN(t), and p € Posp(t).

In the following, we omit the rule | — r in a narrowing step (p,l — r,0),
whenever there is no scope for ambiguity about the rule.

Example 8. Consider again the term t5 = 10! %min(X,X—0) = 10! %0 from
Example [l|and the computation of DN(t3). Since t3 is not a redex, we have that
DN(ts) = qusp(t2)\{A}q.DN(t2|q) U UO’GDS'LLb(tQ)DN(J(t2))@O—' By Exampleq
SP(t) = {A,1,1.2,2}. We also have DSub(t2) = &, since no position in FP(ty
is a variable. Thus, DN(tQ) = IDN(tQ‘l) U QDN(tQ‘Q) U 12DN(t2|12) This
implies that we recursively compute DN(t2]1), DN(t2]1.2) and DN(t2]2).

Now consider DN(t2|1.2) = DN(min(X,X—0)). Since it is not a redex, we have
DN(t2]1.2) = Ugesp(talr o)\ {410-DN(t2]1.2.) U UseDsub(ta] o) PN(0o(t2]1.2))Q0.
By Example |7} we have SP(t2]12) = Dy, (FP(t2]12)) = D, ({4,1}) = {4}
and DSub(ta]12) = {o,0'} for 0 = [X — 0] and ¢’ = [X — s(X’)]. Then,
DN(tz2|1.2) = DN(o(t2]1.2))Qo U DN(o'(t2]1.2))@Q0c’, and we recursively call to
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DN(min(0,0—0)) and DN(min(s(X’),s(X’)—0)). Now, the reader can check
that DN(min(0,0—0)) = { (A,id) }, since term min(0,0—0) matches lhs I,
and DN(min(s(X’),s(X’)—0)) = 2.DN(s(X’)—0) = { (2,id) }, since term
s(X?)—0 matches lhs I3. Hence, we can conclude DN(t2|12) = {(4,id)}@Qo U
{(2,id)}Qc’" = { (A, [X — 0]), (2, [X — s(X*)]) }.

Now consider DN(t2]1) = DN(10! % min(X,X—0)). Since it is not a redex, we
have DN(ts|;) = qusp(t2|1)\{A}q.DN(t2|1,q) U UaeDSub(t2|1)DN(U(t2|1))@O'
and SP(t2|y) = D! | (FP(t3]1)). By Example FP(ta2]1) = {A4,2}, and then

tal1
SP(ta|1) = D;‘l({A,Q}) = {4,2}. Moreover, we have DSub(t2|1) = @, since
no position in FP(t3]1) is rooted by a variable. Thus, we have DN(ts|;) =
2.DN(t2|1.2). However, DN(tz|1.2) was already computed before, and we obtain
DN(t2]1) ={ (2,[X — 0]), (2.2,[X — s(X")]) }.

Finally, consider DN(t2|2) = DN(10! %0). Since it is not a redex, we have
DN(ta]2) = Ugesp(ts)a)\{4}4-DN(t2l2.4) U Usepsub(ts]2) DN(o(t2]2))Qo. But by
Example 4] we have I; <« t2]2, la 4 ta|2, and DPj(ta]2) = {A} for any other
lhs I. Thus, we can conclude DN(t2]2) = @. Finally, putting everything together
we have DN(t2) = { (1.2,[X+— 0]),(1.2.2,[X — s(X*)]) }. Note these narroxes
correspond to the optimal narrowing sequences in Example [I}

Note that the strategy ignores the narroxes (p,l — r, o) at positions within
the computed substitution o, as shown in the following example.

Ezample 9. Consider the rewrite system with rules: f(a) —b and a—b. Given
t = £(X), we have DN(t) = { (A, f(a)—b,[X — a]), (1,a—b,[X > a]) } but only
the first narrox is considered by the generalized natural narrowing.

This is sufficient for the correctness and completeness results we are interested
in, which are concerned only with normalized substitutions (see Theorems
and [3)). Of course, we can modify Definition [§ so that DN(t) does not return
the narroxes at positions within the computed substitutions. However, we have
defined DN(t) as above in the interest of a simpler exposition. We are now ready
to state the correctness and completeness properties of our generalized natural
narrowing strategy. The key fact used in establishing these properties is the
correspondence between generalized natural rewriting and generalized natural
narrowing, as stated by the following lemma.

Lemma 3 (Completeness w.r.t. rewriting). For a normalized substitution
o, if o(t) g(plar) s, then there are n,0,s" such that t «r/n=><p 1—r6) ', Olvar@) =
(1 00)|varw), s =n(s"), and n is normalized.

Using Lemmas [2| and [3| we get the following correctness and completeness
results for generalized natural narrowing.

Theorem 2 (Correctness). If t is not a variable and is a ~> -normal form,
then for every normalized o we have o(t) is root-stable.

Theorem 3 (Completeness). If o(t) —* s and o is a normalized substitution,

then there are s',0,0" s.t. t 3192 s, 0'(s) 24 5, and dlyare)y = (0 0 0)|var)-
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The following example shows that our completeness result needs not hold for
non-normalized substitutions.

Ezample 10. Consider the rewrite system from [35] with rules: (i) £ (b,c)—d, (ii)
a—b, and (iii) a—c. For the term ¢ = £ (X,X) and substitution o = [X — a] we
have o(t) —* d. But the generalized natural narrowing strategy cannot compute
the normal form d. Specifically, positions 1 and 2 in ¢ are demanded by rule (i),
and the variable X is instantiated with substitutions [X — b] and [X — c], which
are inferred from rule (i). However, both f(b,b) and f(c,c) are failing w.r.t.
the left-hand side of rule (i). Thus DN(t) = &, and the strategy does not narrow
the term £ (X,X) any further.

4 Application Areas

In this section, we show how narrowing can be used as a unified mechanism for
programming and proving, and explain informally how the generalized natural
narrowing strategy makes the specific applications more efficient. Our purpose
in this section is motivational. More details and examples are given in [16].

4.1 Symbolic Model Checking

Narrowing can be used as a technique for symbolic reachability analysis of con-
current systems with infinite state space. Specifically, a concurrent system can
naturally be expressed as a rewrite system R = (X, ¢, R), where terms represent
states, and a rewrite rule ¢ — ¢’ is understood as a (parametric) local tran-
sition [32034]. We can then formalize a reachability problem for a concurrent
system thus specified as solving an existential formula (37) t(T) —* ¢(7T)
where the source t(7) is a term with variables representing a possibly infi-
nite set of initial states (namely all its instances by ground substitutions) and
the target t'(@) represents a likewise possibly infinite set of final states that
we want to reach by a sequence of transitions. Solutions to this reachability
problem can then be described by substitutions o for which indeed we have,
o(t(T)) =" o(t'(T)). More generally, we may consider conjunctive reachability
goals of the form G = (37) t:1(T) =>* t1(T) A... A t,(T) = t1,(T).

We can reduce solving a conjunctive reachability goal such as G, to the
case of solving a single reachability goal by means of a theory transformation
associating to a rewrite system R = (X, ¢, R), a corresponding rewrite system
R = (ﬁ‘, QZA),I:{), where ¥ = YU {A, =, True}, ¢ extends ¢ with d;(%») = {2}, and
R=RU {x = z — True, True ATrue — True}. Note that the second argument
of — is frozen, since only the sources of a goal are to be rewritten. Then, o is
a solution of the conjunctive goal G in the rewrite system R if and only if o is
a solution of the single reachability goal (37 )G —* True in the rewrite system
R, where G is the S-term G =t; — t) A ... At, — t/,.

Now, since the term True in the transformed theory R is a head normal form,
any root normalizing strategy S [36], including our efficient generalized natural
narrowing strategy, gives us a semi-decision procedure to find all the normal-
ized solutions of a goal G. Specifically, the algorithm incrementally builds the
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narrowing tree starting from the term G, and searches, using S, for narrowing
derivations that result in True. When one such derivation is found, the composi-
tion of substitutions accumulated during the narrowing derivation in the reverse
order gives us a solution of the goal G. Of course, the narrowing tree generated
by S has to be explored in a fair manner, since the narrowing derivations can be
infinitely long. The reader is refered to [35] for further details and an example
where the above technique is applied for analysis of safety properties of security
protocols.

Further, note that since the set of initial and final states specified in a goal
can be infinite, and likewise there is no restriction on the number of reachable
states, one can view the above narrowing procedure as a new form of “symbolic
model checking” for infinite state systems.

4.2 Theorem Proving

Equational unification: Narrowing was originally introduced as a complete method
for generating all solutions of an equational unification problem, i.e., for goals F’
of the form (3@) t:1(T) =) (T)A ... ANt (T) = t,,(T) in free algebras modulo
a set of equations that can be described by a set of confluent and terminating
rewrite rules [I826l28]. We note that the problem of solving reachability goals
in rewrite systems generalizes the problem of equational unification. Specifically,
suppose we are to solve the equational goal F' above in the equational theory
& = (X, FE) where the equations E are confluent and terminating. Note that
o is a solution of F' if and only if both o(¢;) and o(#}) can be reduced by the
(oriented) equations E to a common term. We can thus consider the rewrite
system Re = (2, ¢, Rp), where ¥ = Y U{~, True}, ¢(f) = @ for all f € ¥, and
Rg = EU{z = 2 — True}. Then o is a solution of the system of equations F'
in the equational theory &£ if and only if it is a solution of the reachability goal
G=37) ty =t) =>* True A... At, ~t, —* True in the rewrite system Rg.

Inductive theorem proving: The just-described reduction of existential equal-
ity goals to reachability goals, when combined with the reduction described in
Section of conjunctive reachability goals to a single goal has important appli-
cations to inductive theorem proving. Specifically, it is useful in proving existen-
tially quantified inductive theorems like E F;,q (37) t =t in the initial model
defined by the equations E. Natural narrowing can, using the two reductions
just mentioned, provide a very efficient semidecision procedure (and even a deci-
sion procedure for some restricted theories [37]) for proving such inductive goals
because it will detect failures to unify, stopping with a counterexample instead of
blindly expanding the narrowing tree. Furthermore, natural narrowing can make
inductionless induction provers, particularly in the most recent formulations in
[IO/TT], more effective and efficient, and can be used in such provers to prove
also universal inductive theorems like E ;4 (VZ) t = t’ (or, more generally,
clauses). The point is that natural narrowing’s complete narrowing strategy can
be used instead of the unrestricted narrowing carried out by superposition to
compute a smaller set of deductions, which can increase the chances of termi-
nation of the inductionless induction procedure without loss of soundness. The
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extended version of this work [16] illustrates the previous point with an example
where inductionless induction is able to prove an inductive theorem with natural
narrowing, but not with unrestricted narrowing.

4.3 Partial Evaluation

Partial evaluation (PE) is a semantics-based program transformation which spe-
cializes a program with respect to known parts of its input [27/1I2/12]. PE has
been widely applied in the fields of term rewriting systems [29], functional pro-
gramming [27/39], logic programming [I2], and functional logic programming
[112]. The different techniques for partial evaluation in all the different contexts
share a common idea of narrowing sequences. Indeed, the use of narrowing has
already been explicitly considered as a unifying framework for partial evalua-
tion in [1I2]. The core of PE is that a finite narrowing tree is produced from
the input term ¢ by using a narrowing strategy and an unfolding rule (or stop-
ping criteria) [I]. Then the specialized program is obtained from the leaves of
this narrowing tree. The success of partial evaluation depends on having a good
narrowing strategy and a good unfolding rule. As further discussed in the ex-
tended version of this work [16], the natural narrowing strategy can be very
useful for PE applications because, by lazily instantiating only those variables
that are needed, it can avoid combinatorial explosions while constructing the
narrowing tree; furthermore, as illustrated by the PE example in [16], it can
result in smaller, more efficient specialized programs than those obtained using
other narrowing strategies.

4.4 Programming Languages

As mentioned in Section [I.I] one of the main features of many rewriting or
narrowing strategies in the literature was to extend the class of rewrite systems
where the strategy is correct and complete, although not optimal. In the case of
this paper, this is one of the main contributions to the programming language
area, since generalized natural rewriting and narrowing can serve as efficient
lazy evaluation strategies for programming languages such as OBJ, CafeOBJ,
ASF+SDF, Maude, and ELAN. The second contribution of this paper is that due
to their generality, generalized natural rewriting and narrowing can be fruitfully
applied to a much wider range of applications besides programming, such as
those concerned with proving. In this regard, the reader may note that the theory
transformation used in Section [L.I]introduces the non-linear rule z — x — True.

5 Conclusions and Future Work

We have generalized the narrowing strategy of [14] so that it can be applied to a
much broader class of term rewrite systems. Specifically, the generalization drops
the requirement that the rewrite system under consideration is left-linear and
constructor-based, which is a typical assumption in functional (logic) program-
ming. As a result of this generality, a much broader range of applications such as,
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symbolic reachability analysis of concurrent systems, and theorem proving, can
be efficiently supported by our strategy. What thus emerges is an efficient and
unified mechanism based on narrowing, that seamlessly integrates programming
and proving.

Since our generalization is conservative, we inherit all the optimality results
presented in [I4] for the class of left-linear constructor-based rewrite systems;
note that the strategies in [I4] are the best known for the class of left-linear
constructor-based systems. An important problem for future research is to in-
vestigate optimality results of the generalized strategies for a larger class of
rewrite systems. We believe that the notion of inductively sequential terms in-
troduced in [I4] can provide significant insights for the more general optimality
results, since this notion identifies specific terms, rather than classes of rewrite
systems, that can be optimally evaluated.

We observe that our generalized strategies are easily implementable, since
the demanded set of redexes and narroxes are computed using simple recursive
procedures. Indeed in [I5], we have proposed a technique for the efficient im-
plementation of the natural rewriting and narrowing strategies of [14] for the
special class of left-linear constructor-based systems. Extending this implemen-
tation technique to the generalized strategies we have proposed is also a problem
of interest.

Another interesting issue is to further generalize the strategies to the case
where rewriting and narrowing are performed modulo a set of axioms (such as
associativity, commutativity, and identity), as in languages such as ELAN [§]
and Maude [9]. Specifically we are interested in strategies for rewrite theories of
the form R = (X, ¢, E, R) where F is a set of axioms. A generalized narrowing
strategy for such rewrite theories, that computes substitutions in an incremental
manner, would have a very important efficiency advantage, since it will not
explicitly use unification algorithms for the axioms FE.
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A  Proofs of Section [3]

Lemma [2| Letl, t, o, and p € FP(t) N Posx(t). If l 4 t, p € DP(t), and p &
DPy(o(t)), then there exists 0 € DSub(t) s.t. 0(t|,) # tlp and O|yar@) < Olvare)-

Proof. First, note that o(t|,) # t|p, since p € DP,(t) but p € DP;(c(t)). Then,
we have that there exists p = {t[, — s} such that p < olyg.) and either
(i) s = f(w) for f € X and W fresh variables, or (ii) s = z for x a fresh
variable. Now, we are done if we prove, for both cases, that there exists 6 s.t.
P < Olvart)y < Olvare) and 6 € DSub(t).

For case (i), we know that either R;(p) = {p} or Ri(p) = {p,p1,-..,Pk}
for k > 0. If R/(p) = {p}, then p € Posx(l), since R;(p) = {p} implies that
p is not under a variable in I. Since p ¢ DPg(co(t)), we have root(l|,) = f
and p € DSub(t), by Definition {7} Then, the statement holds with § = p =
{tl, — f@)}. If Ri(p) = {p,p1,...,px} for k > 0, then we have that p is
under a non-linear variable in I. Since p ¢ DPg(0(t)), we have that o partially
unifies the set of terms t|,, t|p,, ..., t|p, i-€., root(o(t|p)) = root(c(t|p,)) ==
root(a(t|p,)) = f. Then, by Definition [7] we have that there exists § € DSub(t)
s.t. 0 < Olvart) < Olvar(e), since for every p’ € {p,p1,...,pr}, either root(t|, ) €
X or root(t|,) = f. And the conclusion follows.

For case (ii), note that it is impossible that R;(p) = {p}, otherwise p €
Posx(l) and o(t|,) cannot be a variable. Thus, R;(p) = {p, p1,...,pk} for k > 0.
Then, we have that o partially unifies the set of terms t[p,t[p,,. .., t|p,, i€,
root(o(t|p)) = root(o(t|p,)) = - = root(o(t|p,)) = x, and thus p,p1,...,px €
Posx (t). Hence, we can compute a 8 € DSub(t), by Definition [7} such that
0(t|yr) = y for a unique fresh variable y and every p’ € {p,p1,...,px}. Thus, the
statement holds with such 6, where we have that plyar@) < 0lvare) < lvar)-

O

Lemma 4. Lett, l—r, and . Ifl < o(t), then there exist 6 such that 0|y an ) <
lvar@), L £ 0(t), and (A,l—r,0) € DN(t).

Proof. By induction on olygp). If 0|yare) = id, it is immediate with 6 = id,
since | < t and (A,l—r,id) € DN(t). If o|yq,¢) # id, then DPi(t) € Posx(t)
and we have that any set cover computed by FP(t) in Deﬁnition has to include
one variable position of DP;(t). Now, | < o(t) implies | A ¢t and, by Lemma we
have that there exist p € DSub(t) such that plye, ) < olyare) and, by Definition
DN(p(t))@p C DN(t). Let 1 be such that (9o p)|lyar@t) = lvare)- Then, by
applying the induction hypothesis for ¢’ = p(t), {—r and 7, we have that there
exist p’ such that p'|yer@y < Nlvarw), I < p/(t), and (A,l—r,p') € DN(t').
Hence, we conclude with 0 = (o’ 0 p)|var@)s Olvar@w) < Olvarwy, I < 0(t), and
(A, l—=r,p' o p) € DN(p(t))@Qp C DN(t). O

Lemma 5. Let t, o, and P = FP(o(t)). There exists P' = FP(t) such that
either P C P’ or there exist | € L(R) and ¢ € DP;(t) N P' N'Posx(t) such that
lAtand g DP(o(t)).
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Proof. First, note that given an [, for each position p € DP;(c(t)), there is a
position p’ € DP;(t) s.t. p’ < p. Indeed, if p’ # p, then there is p” € R;(p’) such
that p” € DPy(t) N Posx(t) and o(t|,~) # t|,». Furthermore, if I & o(t), then
p”" & DP(o(t)). Note also that | 4 o(¢) implies | # ¢.

Now, let P = {p1,...,pn}, we have that there are rules l,...,l, € L(R)
such that I; 4 o(t) and p; € DP;,(o(t)) for 1 < i < n. If there exists P’ = FP(t)
such that p1,...,p, € P’, we are done.

Let us assume that there is no P’ such that py,...,p, € P’. In the following,
we prove that there are I € L(R) and ¢ € DP/(t) N P' N Posx(t) st. | At
and ¢ € DP;(o(t)). By the note above, we know that there exist pf,...,p!, such
that p, < p; and p, € DP,(t) for 1 < i < n. Let us consider whether there
exists P’ = FPtR such that p},...,p), € P’ or not. If such set P’ exists, then
P, ..., p, cannot be exactly p1,...,pn, since we assumed that p1,...,p, & P'.
Thus, by the note above and since P’ is closed by reflection, we know that there
eicists an k, 1 < k < n, such that p) € DP;, (t) N Posx(t),/a(ﬂp;c) # t|p, , and
Py, & DP, (o(t)). Hence, the statement is proved with ¢ = p}, and [ = I

Let us assume that there is no P’ such that pi,...,p), € P’. Now, consider
an arbitrary set P’. Since rules l1,...,[, are covered by P’, there are positions
P1y-..,Dn € P’ such that p; € DP,(t), 1 <i < n. Furthermore, since p positions
are included in P’ but p’ positions are not, we have that there is some other
extra rule I’ — ' € R such that I" A t, DPy(t) N {p},...,p,} = &, DPp(t) N
{P1,...,Pn} # &, and either I’ € o(t) or DP;(o(t)) = @. But this means that
there exists an k, 1 < k < n, such that p,, € DPy (t)NPosx (t) and o(t|s,) # tlp,-
Now, if DPy(o(t)) = @, then the statement is proved with ¢ = P and | = [I'.
And if I’ 4 o(t), then we have that p, € DP;, (t)NPosx (t) and pr & DP, (o(t)),
since I, A o(t) and, by Definition [3| there is no defined symbol above or at
position p in o(t). Hence, the statement is proved with ¢ = py, and [ =1}, O

Lemma 6. Let t, o, and p € Posp(t). If p € SP(co(t)), then 30 such that
Olvart) < lvar(e), p € SP(6()), and (p.DN(6(t)],))@6 € DN(6(t))Qf C DN(t).

Proof. By induction on o[y ;). The base case o|yqy+) = id is immediate. Thus,
let us consider olyq,) # id. We have that p € SP(co(t)) implies the following
cases

1. there exists [ € L(R) s.t. | < o(t) and p € D] (Posx(l)), or
2. there exist | € L(R) and p’ € DP;(o(t)) such that | & o(¢), p < p/, and

p € FP(o(t)), ie., p € D], (FP(o(t))).

The first case is proved as follows. By Lemmald] we have that there exists  such
that 0]var¢) < Olvare), [ < 0(t), and (A,l—r,0) € DN(t). This implies that, by
Deﬁnition (A,l—r,id) € DN(O(t))@0 C DN(t) and DlT (Posx (1)) C SP(0(t)).
Now, we have that p € D;(Posx(l))7 since D;(Posx(l)) = DlT (Posx (1)), and
thus p € SP(0(t)). Hence, by Definition 8 (p.DN(6(t)|,))@8 C DN(6(t))Qf C
DN(t), and the statement is proved.

Now, let us consider the second case. By Lemma [5] there exists a set cover
P’ for the term t, i.e., P’ = FP(t), such that either P C P’ or there exist a

20



lhs I’ € L(R) and a position ¢ € DPy(t) N P’ NPosx(t) such that I” 4 ¢ and
q & DPy(o(t)). If P C P, we are done, since p € Posp(t), p € D} (P') C SP(t),
and thus the statement holds with substitution § = id and (p.DN(t|,)) € DN(t).

If there are I’ € L(R) and ¢ € DPy(t) N P’ N Posx(t) s.t. I’ A t and
q & DPy(o(t)), then, by Lemma [2] there exist substitutions p,n such that p €
DO (L)t vty = (197 by Detion) DA
DN(t). Now, by applying the induction hypothesis to p € SP(n(w)) for w = p(t),
we have there exist p', 7’ s.t. 9|yer(w) = 7" © P'[var@w), P € SP(p'(w)), and

(p-DN( (w)],))@0' € DN('())@p' € DN(w)

Hence, the statement is proved with substitution 6 = (p’ © p)|lvar@), lvare)

(nop)lvar@) = (M'op 0p)lvar), » € SP(p'(p(t))), and (p.DN(p' (p(t))|p))@p @p ;
DN(p'(p(t)))@p'@p C DN(p(t))@p C DN(t). O

Lemma For a normalized substitution o, if o(t) 3( s, then there are

p,l—T)
77,9’5' such that t Mnl)(PJ*W,O) S/, U|Var(t) = (77 o 9)|Var(t); s = 77(5/)} and n s
normalized.

Proof. We prove the lemma by induction on |p|. For the base case p = A, we
know that [ < ¢(t), and by Lemma[d] we have that there exist 6 and a normalized
n such that olyer) = (10 0)|vare), | < 6(t), and (A,l—r,0) € DN(t). Hence,
the statement holds with ¢ $<A,1—>r,9> s, s = p(r) for some p s.t. 8(t) = p(1),
and s = o(r) =nop(r) =n(s).

Now, consider the induction step, p > A. By Definition [6|of DR(c(t)), we have
that there are p’,p” such that p = p'.p", p’ € SP(c(t)) \ {4}, and (p”,l—r) €
DR(c(t)|p), i-e., o(t)]p — i 1—ry Slpr- Note that p € Posp(t), since o is nor-
malized. Then, by Lemma [6] there exist some 6 and a normalized 7 such that
olvarey = (M0 0)lvar), p" € SP(6(t)), and (p".DN(6(t)],1))@0 C DN(6(t))Q6 €
DN(t). Now, by applying the induction hypothesis to n(w) E’(p”,zﬁw u where
w = 0(t)|,, and u = s|,, we have that there exist 6’, «’, and a normalized
n’ such that w :/n\-}{p”,l—»r,e’} 'y Nyvarw) = (1 0 0)|var@w), and u = 7' (v'), ie.
®",l1—r,0") € DN(O(t)|, ). Hence, (p'.p",l—r,0 00) € (p/.DN(6(t)|,))Q0 C
DN(A(t))@0 C DN(t) and the statement holds with ta{p,lﬂrﬂloe} s, s =

@' o tg(t)[u']pr7 U|Var(t) =(no 9>|Var(t) =nobo 9)‘Var(t)7 and s = O'(t)[u]p/
W 08 0 (1)l = 76" 0 O()uTy) = 7 (") 0

Theorem If t is not a variable and is a ~> -normal form, then o(t) is
root-stable for every normalized o.

Proof. We prove the contrapositive. Specifically, suppose for a normalized sub-
stitution o, we have that o(t) is not root-stable. Then, by Lemma (1, we have
a(t) 5( s for some s. Then, using Lemma we conclude that ¢ is not a

p,l—T)
m
~ -normal form. O
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Theorem If o(t) —* s and o is a normalized substitution, then there are

s',0,60" such that t % s', 0/'(s") 24 s, and olyarey = (0’ 0 0)|var)-

Proof. By Theorem we have that there exists w such that o (t) —* w, root(w) =
root(s) and w 24, By a simple induction on the length of o(t) 5* w using

Lemma , we deduce that there exists §',0,6 such that t <5 s, lvar@) =
(0" 0 0)|var(t), and w = §'(s"). O
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