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Abstract. We propose a method called back-and-forth narrowing for solving
reachability goals of the form (37).t1 —* ¢t/ A ... At, —* ¢, in general term
rewrite systems. The method is a complete semi-decision procedure in the sense
that it is guaranteed to find a solution when one exists, but in general it may not
terminate when there are no solutions. The completeness result is very general
in that it makes no assumptions about the given term rewrite system. Specifi-
cally, the rewrite rules need not be linear, confluent, or terminating, and can even
have extra-variables in the righthand side. Such generality is often essential while
modeling concurrent systems or axiomatizing inference systems as rewrite rules,
and in such applications back-and-forth narrowing can be used as a sound and
complete technique for symbolic reachability analysis or as a deductive procedure
for proving existential formulae.

1 Introduction

A concurrent or an inference system can be naturally expressed as a rewrite system
R = (X, R), where X' is a signature and R is a collection of rewrite rules. For a concurrent
system terms represent states, and a rewrite rule ¢ — ¢’ is understood as a (parametric)
local transition. For an inference system terms represent formulae, and rewrite rules
specify basic inference steps. In this paper, we address the question of solving reachability
goals in a rewrite system R. By a reachability goal we mean an existentially quantified
formula of the form
(3AZ) t1 = t) A At ST

where each source t; is a term with variables Var(t;) C T specifying a possibly infinite
set of initial configurations (namely all its instances by ground substitutions), and each
target t; is a term with variables Var(t;) C @ that represents likewise a possibly infinite
set of configurations that we want to reach by a sequence of transitions starting from the
corresponding source t;. Solutions to this reachability problem can then be described by
substitutions o for which indeed we have, R F o(t;) —* o(t}) for 1 <i < n. The meaning
and interest of solving reachability goals such as the above is clear; it would serve as both
a symbolic reachability analysis technique for concurrent systems, and, alternatively, as
a deductive procedure for proving existential formulae in inference systems.

We propose a semi-decision procedure called back-and-forth-narrowing for solving
reachability goals. This procedure is complete in the solvability sense in that it is guaran-
teed to find a solution when there is one. The procedure is very general in the sense that
there are absolutely no assumptions on the given rewrite system R. In particular, the
rewrite rules in R need not be left or right linear, or confluent, or terminating, and can
also have extra variables in the righthand side. This is to be contrasted with other ap-
proaches such as model-checking results for special classes of systems [5, 8, 11, 19, 31], or



tree-automata based reachability analysis [12, 24, 29, 4] where typically the rules and the
goal are assumed to be linear. In some tree automata approaches [12, 24, 29] non-linearity
is dealt with using abstractions or conservative approximations of the reachability set; in
contrast, back-and-forth narrowing is an exact procedure. A more detailed comparison
with related work is presented in Section 7.

Back-and-forth-narrowing is a generalization of narrowing, a technique originally
introduced as a complete method for generating all solutions of an equational unifi-
cation problem. Specifically, narrowing was introduced for solving goals of the form
(3T) t1 =ty A...At, = t, in free algebras modulo a set of confluent and termi-
nating equations used as rewrite rules [16, 18, 23]. Of course, in our new reachability
setting, the meaning of a rewrite rule is changed from the previous meaning as an equal-
ity to a new meaning as a transition or inference. Further, the completeness of narrowing
for equational unification critically depends on the confluence property of equations; an
assumption which is done away with in our reachability setting. As a result of these gen-
eralizations, a naive extension of narrowing to the reachability setting turns about to be
incomplete as shown in [22]. It is also shown in [22] that the naive narrowing procedure,
however, is complete for certain restricted classes of rewrite theories such as those that
are top-most or right-linear. We show, in this paper, that completeness can be regained
for arbitrary rewrite systems by using back-and-forth narrowing.

Several applications of solving reachability goals using (naive) narrowing have been
reported, especially in the area of verification of computer security protocols [2, 17,
21, 22]. While the approach in [2, 17, 21] is to use narrowing to symbolically search
the reachable state space of a protocol, the approach in [22] is to use narrowing to solve
appropriate existential formulae in the Dolev-Yao inference system [7] in order to discover
attacks if any. These applications exploit the fact mentioned above that naive narrowing
is complete for a restricted class of rewrite systems that is sufficient to model the protocols
being considered. Our back-and-forth narrowing procedure would substantially expand
the scope of these applications to cases where one needs completeness for general rewrite
systems.

In the following section, we describe the essential idea behind back-and-forth narrow-
ing at an intuitive level. We follow it up with a more formal treatment in Sections 3 to
6. We discuss related work in Section 7, and conclude in Section 8.

2 The Basic Idea

The essential idea behind using narrowing for solving reachability goals is that a single
narrowing sequence starting from a term ¢ can be used to symbolically represent many
rewrite sequences starting from instances of t. Specifically, for a term ¢ and substitution
o, suppose c(t) — t' by rewriting with the rule I — r at a non-variable position w in
t. Then clearly, I and t|, (the subterm of ¢ at position w) are unifiable. If p is the most
general unifier, then we can show that p(¢t) — t” for some ¢ by applying | — r at
position w, and there is a substitution 1 such that ¢ = 5(¢'’). This observation motivates
the definition of the narrowing step ¢ N ; the intention is to use this narrowing step to
symbolically represent several rewrite steps, one for each unifier o of I and ¢|,,.
Building on the above idea, one can compose several narrowing steps to get a sequence
that symbolically represents many underlying rewrite sequences. One can then hope to
use narrowing sequences to search for solutions of reachability goals. Specifically, to solve
a given goal 37 .t; —* to we systematically explore the narrowing tree starting from ¢,



and look for a narrowing sequence t; 5 ... 23 t} such that t| and ¢, are unifiable. If 5
is one such unifier then 7o p, o...p; is a solution. Unfortunately, although sound, this
procedure is not always complete even in the solvability sense, i.e., it may fail to find a
solution even when one exists. The crucial reason is that, by definition, narrowing can be
performed only at non-variable positions, and therefore cannot account for rewrites that
occur within the solution (i.e. under variable positions)!. Such “under-the-feet” rewrites
can have non-trivial effects if the rewrite rules or the reachability goal are non-linear, and
the rules are not confluent. Consider for example the rewrite rules: (i) a — b, (i) a — ¢,
(iii) f(b,c) — d, and the reachability goal Jx.f(z,z) —* d. The substitution {a/z} is a
solution, but the narrowing procedure returns no solutions since f(x,z) can neither be
narrowed further nor unified with d.

A natural question to ask is whether the simple narrowing procedure above is complete
for specific classes of rewrite systems, or with respect to specific classes of solutions.
Indeed, as shown in Section 5, the narrowing procedure above is weakly complete in that
it can find all R-normalized solutions provided the rewrite rules have no extra variables
in the righthand side (see Theorems 2 and 3). However, narrowing may not find solutions
that are not normalized. More generally, in [22] we also identified several classes of rewrite
systems for which the naive narrowing procedure can find all solutions, and applied these
results to verify safety properties of cryptographic protocols.

In this paper, we establish a completeness result of a much broader scope by (i)
generalizing the basic narrowing step through linearization of the term being narrowed,
and (ii) using a combination of forward and backward narrowing with this generalized
relation. Specifically, we account for under-the-feet rewrites by defining a narrowing step
that is capable of “skipping” several such rewrites and capturing the first rewrite that
occurs at a non-variable position. This is achieved by linearizing a term before narrowing
it with a rule. The intermediate under-the-feet rewrites that have thus been skipped
will be accounted for by extending the reachability goal with appropriate subgoals. For
example, consider the goal Jx. f(x,2) —* d again. We (i) linearize the term f(x,x) to,
say, f(x1,x2), (ii) narrow the linearized term with the rule f(b,¢) — d and the unifier
{b/z1,c/x2}, and (iii) extend the reachability goal with subgoals z —* b and x —* c.
This gives us the goal

Jz. f(bye) 2" dAx —="bAx = ¢

which can now be solved even using naive narrowing.

Linearization alone does not help us regain completeness in general. For example,
consider a goal 3@ .t —* t’ where the solution ¢ is such that any rewrite sequence
o(t) —* o(t') is such that none of the rewrites occur at non-variable positions of t. But
observe that if atleast one of these rewrites occurs at a variable position in ', then we
can narrow the right side ¢’ in the backward direction, i.e. using R, to obtain a simpler
goal. This might in turn enable forward narrowing steps using R on the lefthand side,
and so on, until we reach a point where all the rewrites occur under variable positions of
both the lefthand and righthand sides. In this case, however, the lefthand and righthand
sides are unifiable, and we are therefore done.

To keep the presentation simple at this point, we postpone a detailed example illus-
trating all of these until Section 6 (see Example 3). For the simple example considered

! One could of course generalize the definition of narrowing to allow narrowing steps at variable
positions. But that would make the narrowing procedure very inefficient since, in general, we
will have to perform arbitrary instantiations of variables.



above, however, note that just backward narrowing with R~!, even without any lineariza-
tion, gives us the solution as follows: d ~> f(b,c) 5 f(a,a). But as shown in Example
3, a combination of forward and backward narrowing is necessary, in that neither is com-
plete by itself. In Theorems 5 and 6 we prove that with both the generalizations above
we regain completeness in the solvability sense for arbitrary rewrite systems.

An important problem for back-and-forth narrowing to be effective in practice is to
devise strategies that improve its efficiency. Otherwise, one would quickly face a combina-
torial explosion in the number of possible narrowing sequences. When several back-and-
forth narrowing derivations are possible for the same solution, the question is whether
there is a preferred strategy and whether a standardization result is possible. Several lazy
narrowing strategies that address these questions are known for special classes of rewrite
systems [1, 9], but extending these to back-and-forth narrowing is an open question and
is beyond the scope of this paper. However, a few comments on a promising approach
[10] are made in Section 8.

3 Background

An signature X is a ranked alphabet X' = {X¥,, | n € N}, where X, is a set of function
symbols of arity n. A Y-algebra is a set A together with a function f4 : A™ — A for each
f € X,. We assume an infinite set of variables X that are all different from constant
symbols in X'. We write Tx; for the X-algebra of ground terms over X', and T's;(X) for
the X-algebra of terms with variables from the set X.

We use a finite sequence of positive integers, called a position, to denote an access
path in a term. We let w range over positions. For t € T (X) let Var(t), Pos(t), FuPos(t)
denote the set of variables, positions, and non-variable (or functional) positions in ¢,
respectively. The root of a term is at position e. We denote the subterm of ¢ at position
w by t|e.

A substitution is a mapping o : X — Tx(X) which maps variables to terms, and
which is different from the identity for only a finite subset Dom(c) of X. We denote the
homomorphic extension of o to Tx;(X) also by o. The set of variables introduced by o is
Ran(c) = U,e Dom(o) Var(o(x)). The restriction of a substitution o to a set of variables
V, is defined as o|y(z) = o(x) if x € V, and o|y(z) = x otherwise. We say that a
substitution ¢ is away from a set of variables V if Ran(c) NV = (. For substitutions o, p
such that Dom(c) N Dom(p) = ) we define their union as

o(x) if x € Dom(o)

(0 Up)(@) =1 pla) if o € Dom(p)
T otherwise

For a substitution o that maps z; to ¢; for 1 < i < n, we write {t1/21,...,tn/xs} to
denote 0. We denote the identity substitution by id.

The subsumption preorder < on T (X) is defined by ¢t < ¢ if there is a substitution
o such that o(t) = t’; such a substitution o is said to be a match from ¢ to t'. For
substitutions o, p and a set of variables V' we define oly = p|y if o(z) = p(z) for all
x €V, and oly < p|y if there is a substitution 7 such that ply = (noo)|v.

A XY-equation is an expression of the form ¢t = t'. A unifier for the equation t = t' is
a substitution o such that o(t) = o (). It is the case that, if ¢ and ¢’ are unifiable, then
for any given finite set of variables V' containing W = Var(t) U Var(t'), there is a most
general unifier 0 = MGU(t = t/,V) away from V such that (i) Dom(c) C W, and (ii)



oly < ply for any other unifier p of ¢ = ¢’. This most general unifier o is unique upto
renaming of variables and can be computed by a unification algorithm [28].

A rewrite rule is an expression of the form | — r, where [, € Tx(X). An (uncon-
ditional and unsorted) rewrite system is a tuple R = (X, R) with X a signature, and
R a set of rewrite rules. We write R~! for the set that contains [ — r if and only if
r — lis in R. We define the one-step rewrite relation on Ts(X) as follows: t —pg t' if
there is an w € Pos(t), a rule | — 7 in R, and a substitution ¢ such that t|, = o(I)

and ' = tlw — o(r)]. We also write ¢ ﬂR ' to make explicit the position at which the
rewrite occurs. Note that ¢t — g t' if and only if ¢ —p-1 t. A term ¢t € T (X) is called
R-irreducible (or just irreducible if R is clear from the context) if there is no t’ € T (X)
such that ¢t —pr t’. For substitutions o, p and a set of variables V' we define o|y —r plv
if there is z € V such that o(x) —r p(z) and for all other y € V' we have o(y) = p(y).
A substitution o is called R-normalized if o(z) is irreducible for all x.

4 Reachability Goals

A reachability goal G is a conjunction of the form ¢; —* t{A.. . At, —* ¢/ . It is understood
that the order of the subgoals t; —* ¢ in the expression is irrelevant, i.e., A is associative
and commutative. We define |G| = n, and Var(G) = |, Var(t;) U Var(t;). We write G~*
to denote the goal t) —* t1 A... At —* t,. A substitution o is an R-solution of G (or
just a solution of G when R is clear from the context) if o(¢;) =% o(t]) for 1 < i < n.
Note that since o(t;) —% o(t;) if and only if o(t;) —5-. o(t;), we have that p is an
R-solution of G if and only if p is an R~ !-solution of G~!. We denote the empty goal,
i.e., for the case n = 0, by A, and define every substitution to be a solution of A. We call
a goal G of the form =1 —* y1 A ... Az, —* y,, where all the lefthand sides and the
righthand sides are variables, as a trivial goal. Note that the substitution o such that
o(x;) = o(y;) = z for some variable z, is a solution of this goal. We also define A to be
a trivial goal.

Definition 1. We define the rewrite relation on goals as follows.
(Reduce) GAt—*ty “p Gat) >t ifty Lpt

(Eliminate) GAt—*t ﬁn:g G.

Note that in G 1SN r G’, the position w is not sufficient to determine the exact subgoal
at which the rewrite happens. But we adopt this notation because it is sufficient for our

purposes and it simplifies the presentation. Further, instead of G Ll r G’ we may simply
write G —r G'.

Lemma 1. o is an R-solution of G if and only if o(G) =75 A. O

For a set of variables V containing Var(G), we say that a set of substitutions CSS(G, V)
is a complete set of R-solutions of G away from V if: (i) every o € CSS(G,V) is an R-
solution of G, (ii) for each solution p of G thereis a o € CSS(G, V) such that o] 5. <
] Var(c)> and (iii) for every o € CSS(G,V), Dom(c) C Var(G) and Ran(c) NV = 0. We
are interested in finding a complete set of R-solutions of a goal G in an (unconditional)
rewrite system R.



5 Narrowing: Soundness and Weak Completeness

In this section we show that narrowing provides a sound but only weakly complete
procedure (in the sense made precise below) for computing the solutions of reachability
goals. We introduced the main ideas in this Section in [22], but here we reformulate their
technical presentation in a manner that allows a smooth extension to our more general
back-and-forth narrowing procedure in the next section.

The essential idea behind narrowing is to symbolically represent the transition relation
between terms as a narrowing relation between terms. Specifically, narrowing instantiates
the variables in a term by the most general unifier that enables a rewrite with a given rule
and a term position. This narrowing relation on terms is then extended to reachability
goals by narrowing only the lefthand sides of the goals, while the righthand sides only
accumulate substitutions. The idea is to repeatedly narrow the lefthand sides until each
lefthand side unifies with the corresponding righthand side. The composition of the unifier
with all the substitutions generated (in the reverse order) gives us a solution of the goal.

Definition 2 (narrowing of terms). We define t “>g t' if there is w € FuPos(t),
a rule l — rin R (assume Var(t) N Var(l,r) = 0), such that for a set of variables V
containing Var(t) and Var(l,r) and o0 = MGU(t|, =1, V), we have t' = o(tjw « 7]).

Definition 3 (narrowing of goals). The narrowing relation on goals is defined by the
following two inference rules.

(Narrow) GAt—*t %p o(G)At" —* o(t') ift Spt" and
o is away from Var(G,t,t’)
(Unify) GAt ="t Sp o(Q) if o = MGU(t =t', Var(G, t,t'))

We write G $; G’ if either G = G’ and o = id, or there is a sequence of derivations
G3p... s & such that o =0, 00,-10...00].
Soundness: We first consider the soundness problem. Following the idea in [16] we

associate with each narrowing step between terms, a corresponding rewrite step. The
proofs of the propositions below are easy.

Lemma 2. t <5y t' implies o(t) — g t'. O
Lemma 3. If G %5 G’ and p is a solution of G, then p oo is a solution of G. O
This gives us the following soundness theorem.

Theorem 1 (Soundness). If G 39; A, then o is solution of G. O

Weak Completeness: The idea behind proving weak completeness is to associate with
each rewrite step a corresponding narrowing step. It is possible to establish such a corre-
spondence only under certain assumptions, and hence the weakness in the completeness.
In the following, note that we assume that each rule I — r in R has no extra variables
in its righthand side, i.e., Var(r) C Var(l). However, we will drop this assumption in the
following section where we consider the more general back-and-forth narrowing.

Lemma 4. Let R be a set of rules with no extra variables in their righthand sides. Let p
be an R-normalized substitution, and let V' be a finite set of variables containing Var(t).
Let p(t) —g t' using the rule | — r. Then there are o,t",n such that: (i) t “>g t"
using the same rule, o away from V', (ii) n is R-normalized, (iii) n(t") = t', and (iv)
plv = (moo)lv. 0



The above lemma can be easily lifted to goals as follows.

Lemma 5. Let R be a set of rules with no extra variables in their righthand sides. Let
p be an R-normalized substitution, V be a finite set of variables containing Var(G), and

let p(G) —g G'. Then, there are o,G" 1 such that: (i) G “r G", o away from V, (ii)
n is R-normalized, (iii) n(G") = G’, and (i) plv = (noo)l|y. O

This gives us the following weak completeness result.

Theorem 2 (Weak Completeness). Let R be a set of rewrite rules with no extra-
variables in the righthand side, let p be an R-normalized solution of a reachability goal

G, and let V be a finite set of variables containing Var(G). Then G g»; A for some o
away from V such that oly < plv.

Proof. By Lemma 1, we have p(G) —% A. The proof is by induction on the length of this
derivation. The base case is obvious. For the induction step, suppose p(G) —r G =7 A.
By Lemma 5, there are o1,n,G” such that G 5z G”, oy is away from V, 7 is R-
normalized, n(G"”) = G', and ply = (noo1)|lv. Let W = V U Ran(o1). Note that
Var(G") C W. Then by the induction hypothesis there is oo such that G” 53; A for
some o9 away from W and os|w < n|w. Then, for 0 = 09 0 01 we have G 39*}3 A, o is
away from V, and oy < p|y. O

We show below that Theorem 2 need not hold for substitutions p that are not R-
normalized, and hence narrowing is only weakly complete.

A Weakly Complete Algorithm for Reachability Goals: A simple consequence of
Theorems 1 and 2 is the following.

Theorem 3. Let R be a set of rules with no extra-variables in the righthand side. Then
for a finite set of variables V' containing Var(G), the set of all substitutions o] Var(c)

such that G 59; A and o is away from V| is a complete set of solutions of G away from
V', with respect to R-normalized solutions.

Proof. From Theorems 1 and 2. a

This theorem provides a general algorithm which builds a narrowing tree starting
from G, to find all normalized solutions. Nodes in this tree correspond to goals, while
edges correspond to one-step narrowing derivations. Since there can be infinitely long
narrowing derivations, the algorithm has to expand the tree in a fair manner to cover
each possible derivation.

Incompleteness of Narrowing: Narrowing is complete only with respect to normalized
solutions. Specifically, it may not find solutions that are not normalized. We showed
an example in the introduction where a reachability goal had a single non-normalized
solution, but the narrowing procedure failed to find it. Here is another example.

Ezample 1. Let R = (X, R), where the signature X has unary function symbols s, f, g,
and R has the following two rules: s(z) — s%(z), and f(s?(x)) — g(s(z)). The reacha-
bility goal G = f(x) —* g(x) has solutions o = {s*(y)/z} for k£ > 1 (none of which is
R-normalized). But narrowing returns only o3 as a solution, and it is not the case that
2|2} < O1/{a}-



6 Back-and-Forth Narrowing

The main reason for the incompleteness of narrowing is that, since terms can be narrowed

only at non-variable positions (see Definition 2), it is not possible to associate a narrowing

step for the rewrite p(t) ), r t' where w ¢ FuPos(t). Such rewrites “under-the-feet” of

t are possible if the substitution p is not normalized. This is precisely the reason for the
assumption in Theorem 2 that the solution p of the goal G is normalized. Fortunately, it
is possible to generalize the narrowing relation to one that, in some sense, also accounts
for such under-the-feet rewrites.

Suppose p is a (not necessarily normalized) solution of the reachability goal G =
G1 A tl —* t2. Let

p(t) Bl Bl o) (1)

and let k be such that w; ¢ FuPos(t1) for 1 < i < k and wy € FuPos(t1). Suppose
we linearize the term t; by renaming each occurrence of a variable x € Var(t;) to a
distinct variable z’ ¢ Var(G), and thereby obtain a term ¢;. Then, since all the rewrites
in p(t1) —% w occur under-the-feet of t1, i.e., at positions w ¢ FuPos(t1), there is a
substitution p’ such that p'(f1) = u. Specifically, if a variable € Var(t1) is renamed to,
say, T1,...,Tn, in t1, then p(a) —% p'(x;) for 1 < i < n. Now, as in Lemma 4, we can

associate to the rewrite step p’(t1) boxl R v a narrowing step f; ~ g w for some o and w.

The observation above motivates the definition of an extended narrowing relation
on goals that effectively “skips” several under-the-feet rewrites and captures the first
rewrite that occurs at a non-variable position in one of the lefthand sides of the goal.
Specifically, in the generalized narrowing relation, to solve the goal G = G A t; —* ¢
above, we (i) linearize the lefthand side ¢; to #;, (ii) narrow the linearized term ¢ as,
say, 11 ~>r w, and (iii) add to the resulting goal a subgoal H that accounts for the
intermediate under-the-feet rewrites that have been skipped. Specifically, for each variable
x € Var(t1) whose occurrences are renamed to, say, o1 . . . T, in t1, the subgoal H contains
x —=*o(z1)A...Ax =" o(x,). According to this extended narrowing relation, the goal G
above narrows to the goal G/ = G; Aw —* to A H2. Since G has a solution p as assumed
above, it is the case that G’ has a solution 7 such that 7| VarG) = ] Varc)-

The above discussion applies in particular to the case where in the rewrite sequence
(1) above, there is a k such that wy € FuPos(t1). Otherwise, there are two possibilities.
First, if there is a k such that wy, € FuPos(t2), then we can apply the above idea in the
backward direction, i.e., we linearize the righthand side t; and narrow the resulting term
using R~'. This is justified by the observation that ¢t —% ¢t if and only if ¢/ —ho1 L
Thus, we have a procedure that combines forward and backward reachability analysis.
Of course, for this idea to work, unlike in Section 5, we have to allow the rules in R
to have extra variables in their righthand sides. Finally, we are left with the case where
w; ¢ FuPos(t1,ts) for all 1 < i < n. We note that in this case, p(t1) and p(t2) should
be identical at all positions w € FuPos(t1,t2). This observation can be used to further
instantiate variables in G, or to reduce G to a trivial goal.

Definition 4 (extended narrowing of terms). For a termt, let ¢ be a linearized form
of t, where each occurrence of a variable x € Var(t) is renamed to a distinct fresh variable

2 Note that the subgoal G is unchanged in the narrowing step. This is because the variables
r1,...,%n that are introduced during linearization of ¢; are fresh w.r.t G1, and therefore the
substitution o has no effect on G1 (see Definitions 4 and 5.)



y & Var(t). Further, suppose t ~>p t' for o away from Var(t). Then we definet —p t'; H,
where H is the reachability goal such that if the occurrences of a variable x € Var(t) are
renamed to, $ay, T1,...,Tn, then H includes the subgoal x —* o(x1)A... Nz —=* o(xy).

For example, consider the rewrite system of the example in the Introduction. We have
f(z,z) »Rr d; (x =" bAx —* ¢), using the rule f(b,c) — d.
Definition 5 (back-and-forth narrowing of goals). We define a back-and-forth nar-
rowing relation on goals as a decorated relation of the form G —gR G’ defined as follows.

(Narrow-left) GAt—*t
Sh GAY S ANH ift g t" H

(Narrow-right) GAt —*1t/
—QJR GAt—=*t"' NH? iftl »pa t"; H
(Decompose)  GA f(t1,...,tn) = f(th,...,t))
SR GAt = AL Nty =
(Match-left) GAx—* f(t1,...,tn)
R oc(GYANxy = o(t1) N ... Nxy —* o(ty,
if v; & Var(G,z,ty,...,t,
and o = {f(z1,...,2,)/
(Match-right) GA f(t1,...,t,) = @
R ac(G)ANa(ty) = x1 A...No(ty,) =" o,
if v; & Var(G,z,ty,...,t,) for 1 <i<mn,
and o = {f(z1,...,z,)/x}

)
) for 1 <i<n,
x}

(Unify) GAt—*t
Sk (@) if o = MGU(t = ', Var(G,t,t))

For t —p t'";H in the case Narrow-left above, we impose the following additional
condition. Suppose t is linearized to T and t “>p t, then we require that the new variables
introduced in linearizing t to t are fresh with respect to Var(G,t,t'), and the substitution
o is away from Var(G,t,t"). Similar conditions apply to Narrow-right. The relation

G —gR G' is defined by composing the substitutions of each step as expected.

We cannot in general hope for a procedure that, given a goal G enumerates a complete
set of solutions of G. For instance, consider the trivial goal G = x1 —* y1A.. . Az —* yp.
Enumerating a complete set of solutions of G is equivalent to enumerating a set S of tuples
(u1,v1,...,Un, vy,) such that (i) for each (uy,v1,...,un,v,) € S we have u; —7 v;, and
(ii) for each s1,t1,...,8n,t, such that s; =7 t; there is a (u1,v1,...,upn,v,) € S and a
substitution o such that s; = o(u;) and ¢; = o(v;). We can systematically enumerate one
such set S, namely, the set of all tuples (u1,v1,...,un, vy,) such that u; —% v;, but that
would be extremely inefficient.

We will therefore give a procedure that is complete only as far as solvability of goals is
concerned. Specifically, if a given goal G has a solution, then the procedure is guaranteed
to find some solution of G. For example, for the trivial goal G above, the substitution
o such that o(x;) = o(y;) = z will be returned as a solution. In addition, if we have a
procedure that enumerates a complete set of solutions for trivial goals, we can combine
it with the procedure for solvability to obtain a procedure that enumerates a complete
set of solutions for any given goal G (see Theorem 6).



Examples: We now show a few examples where the narrowing procedure of Section 5
fails to find any solution, but back-and-forth narrowing succeeds.

Ezample 2. Consider the rewrite theory R and the reachability goal G = f(z,z) —* d
of Example 2 in Section 5. We have

flz,z) =*d 'R fz,z) —=* f(b,c) (Narrow-right)
J;iR f(z,z) =* f(a,c) (Narrow-right)
_:’dR f(z,z) —* f(a,a) (Narrow-right)
“Ha (Unify)

Thus, back-and-forth narrowing finds the solution ¢ = {a/z}, whereas the narrowing
procedure of Section 5 fails to find any solution. Here is another back-and-forth narrowing
derivation that finds the same solution.

id

flz,z) =*d - d—=*dAx—="bAx "¢ (Narrow-left)

id

—p z = bAx =% ¢ (Unify)
SRR T aAT —"a (2 x Narrow-right)
fa/z} _
—r >R A (2 x Unify)

Ezample 3. Here is an example that illustrates the use of Decompose, and Match-left.
Consider the rewrite theory R = (X, R), where the signature X contains the constants
a, b, ¢, a unary function symbol g, and two binary function symbols f, h, and the set R
contains the following three rules

a— h(bye) b—gla) ¢— hbe)

Consider the goal G = f(z,y) —* f(g9(y), h(z,y)). Clearly, there is no narrowing deriva-
tion (in the sense of Section 5) starting from f(z,y). But G has the solution o =
{g(a)/z, h(b,c)/y} because
(1.1] 2.1]
f(g(a’)a h(b7 C)) ~—R f(g(h(bv C))7 h(bv C)) R f(g(h(b7 C))? h(g(a)7 C))

[2.2]

—nr [(g(h(b,c)),h(g(a), h(b,c))
Note that all the above rewrites occur under-the-feet of both the lefthand and righthand
sides of G. The solution ¢ is found by back-and-forth narrowing as follows.
f(a,y) =7 f9(y), Mz, y))
—r z—="g(y) N y—"h(z,y) (Decompose)
—r 1 =y A y—*hg(x1),y) (Match-left)
—r 21 =" h(yL,y2) A yr =" g(z1) A y2 = h(y1,y2) (Match-left)

—r 71 =" Ay, y2) A yr =" g(x1) A ya =T e Ab—=Tyr A e—"
(Narrow-right)

j;}; x1 —* h(b,c) A b—*g(x) (3 x Unify)
B h(b,c) N g(a) =" g(x1) (Narrow-left)
SR oa—* h(b,c) (Unify)

id *

—»r A (Narrow-left,Unify)



where o1 = {g(x1)/2}, 02 = {h(y1,92)/y}, 03 = {b/y1,¢/y2}, and 04 = {a/x1}. Thus,
back-and-forth narrowing finds the solution o = (04003002001 )|(4 4}, while the narrowing
procedure of Section 5 doesn’t.

Soundness: We now prove the soundness of back-and-forth narrowing of reachability
goals. First, following is the analogue of Lemma 2 for the extended narrowing relation
on terms.

Lemma 6. Ift »g t'; H and p is a solution of H, then p(t) —% p(t'). O
The lemma above is lifted to goals as expected.
Theorem 4. If G —53 G’ and p is a solution of G', then po o is a solution of G.

Proof. For brevity, we consider only the cases Narrow-right and Match-left of Defin-
ition 5.

— Suppose G = Gi At —=*t/, o0 = id and G’ Gint —=* t" NH™1, where t' —p—1 t 1 H.
We are done if we show that p(t) —7% p(t'). Since p is an R—solutlon of H- 1t is
also an R™!-solution of H. Then, by Lemma 6, p(t') —%_, p(t"), which implies that
p(t") =% p(t'). Now, since p is a solution of G’, we also have p(t) —7% p(t”). Putting
these observations together, we get p(t) —7, p(t).

— Suppose G = Gy Ax —=* f(t1,...,tn), 0 = {f(z1,...,2n)/2}, G = 0(G1) N x1 —*

o(t1)A... Az, —* o(t,). We are done if we show that poo( ) =R poo(f(te,....tn)),
a sufficient condition for which is p(x;) —% poo(t;) for 1 < i < n. But this is indeed
true, since p is a solution of G’. O

Completeness: Recall that in Section 5 the main idea behind establishing weak com-
pleteness of narrowing was to associate to each rewrite step on terms a corresponding
narrowing step on terms (Lemma 4). To establish the completeness of back-and-forth
narrowing, we generalize this idea to associate to a sequence of rewrites starting from
p(t), where all but the last rewrite occur at positions w ¢ FuPos(t), a single extended
narrowing step starting from ¢. This is formalized in the following lemma. It is important
to note that, unlike in Lemma 4, rewrite rules are now allowed to have extra variables in
their righthand side?.

Lemma 7. Let V be a finite set of variables containing Var(t), and let p(t) M

MR ] r t' such that w; ¢ FuPos(t) for 1 <i <n and w € FuPos(t). Then there
are t”, H,n such that t »g t"; H, n is a solution of H, nly = plv, and n(t")=t'. O

Lifting the above lemma to goals is a bit more complicated than its analogue, Lemma 5.
Suppose p is a solution of GG, and 7 is a rewrite sequence

p(G) M)RGl MRM)RA

We call 7 a witness for the solution p of G. Define the metrics d(w) = Z‘”l |w;i| and
w(m) = (||, d(x)). Let =< be the usual lexicographic ordering on pairs of natural numbers,

3 The no-extra-variable assumption was necessary in Lemma 4 to guarantee that 7 is R-
normalized. This was in turn required for the assumption that p is R-normalized while induc-
tively composing several applications of Lemma 4 to obtain Lemma 5. In contrast, Lemma 7
neither assumes p to be R-normalized, nor does it guarantee that 7 is R-normalized.



ie, (m1,n1) <X (me,n2) if my < mag, or my = my and ny < ng. Define (mq,nq) <
(ma,n2) if (m1,n1) 2 (Mma,n2) and (my,n1) # (m2,n2). Note that < is a well-founded
relation with (0, 0) as the least element.

Lemma 8. Let G be a non-trivial reachability goal, V' a finite set of variables containing
Var(G), p a solution of G, and w a witness for the solution p. Then there are o,n,G’

such that G jR G, o is away from V, ply = (noo)lv, n is a solution of G', and there
is a witness ' for n such that p(n'") < p(m).

Proof. Since G is non-trivial, it is of the form G = G’ At —* ¢, where at least one of ¢, ¢’
is not a variable. Suppose 7 involves the rewrites

p(t) L P p(t)

Note that it is possible that k = 0, i.e., p is a unifier of ¢t = #’. By reshuffling the rewrites
in 7, we can assume that all the rewrites in p(t) —% p(t') occur at the beginning of ,
i.e., that 7 is of the form

p(G) =k p(G)Apt) =" pt') —r p(G1) —k A

Note that such re-shuffling of rewrites in 7 does not change u(w). Now, we have the
following exhaustive analysis of cases:

— k =0: Then p is a unifier of ¢ = ¢, and for 0 = MGU(t =/, V) we have o|y < p|y.
Let n be such that p|y = (noo)|y. Then we have G R o(G1) and n is a solution of
o(G1). Further if we take 7’ to be the rewrite sequence p(G1) —7 A, we have that
7’ is a witness for the solution 7 of o(G1), |7'| = |7| — 1, and therefore u(n’) < p(r).

— k > 0 and there is 1 <1 < k such that w; € FuPos(t). This case is similar to the next

one below, and hence we skip it.
— k > 0 and there is 1 < i < k such that w; € FuPos(t'). Let j be the largest such 4,

and

p(t) MR [WJ;}]R u MR v [%]R MR p(t")
Then we have

) By e B

Then, by Lemma 7, there are u/,7, H such that t' —»z—1 u’; H, n is an R™!-solution
of H, nly = plv, and n(u') = u. Then for ¢ = id, G’ = Gy At —* v/ NH™ !, we
have G _ffR G’, and 7 is a solution of G’. Further, from m we can, in the obvious
way, obtain a witness 7’ for the solution n of G’, and |7'| = |x| — 1, i.e. pu(x') < p(m).

Specifically, 7’ has a rewrite corresponding to every rewrite in 7 except u M r . In
particular, for the rewrites v —% p(t'), 7’ will have corresponding rewrites in H -
— k> 0and for all 1 <i <k we have w; ¢ FuPos(t,t’). Since at least one of ¢,¢’ is not
a variable, we have three subcases:
e Both ¢ and ¢’ are not variables. Then it is the case that ¢ = f(uq,...,u,) and
t' = f(v1,...,vy) for some f, u;, v;, and p(u;) —% p(v;) for 1 < i < n. Then for
o=1id,and G' = Gy ANup —* v1 A ... ANup —* vy, we have G jR G', and p is
a solution of G'. Further, from 7 we can, in the obvious way, derive a witness 7/
for the solution p of G’ such that |7'| = |7| and d(n') < d(n), i.e., p(n") < p(w).
Now, the statement holds by taking n = p.



e ¢ is a variable, say, x, and t' = f(v1,...,v,) for some f,v1,...,v,. Then p(z) =
f(ui,...,uy,) for some uy,...,u, and u; =75 p(v;) for 1 <i <n.Lety,...,y, be
variables that are fresh with respect to V, o = {f(y1,...,yn)/2}, G' = 0(G1) A
y1 = o) Ao Ay =" o(vs). Let n = ply U {u1/y1,...,un/yn}. Then
G =g G, plv = (noo)lyv, and 7 is a solution of G’. Further, from 7 we can
derive a witness 7’ for the solution 7 of G’ such that || = |r| and d(7") < d(7),
fe. p(n') < p(m).

ot = f(vy,...,v,) for some f,v1,...,v,, and ¢’ is a variable. This case is similar
to the one above. O

We are now ready to state the completeness of back-and-forth narrowing.

Theorem 5 (Completeness). Let p be a solution of a reachability goal G, and let
V' be a finite set of variables containing Var(G). Then there are o and G’ such that
G—op G, ois away from V, G’ is a trivial goal, and there is a solution n of G’ such
that ply = (noo)lv.

Proof. The proof is by noetheranian induction on pu(7) using Lemma 8, for some witness
7 of the solution p. O

A Complete Algorithm for Solvability of Reachability Goals:

Theorem 6. Let V' be a finite set of variables containing Var(G), and let S be the set

of all substitutions of the form (1o o) Var(c): where G <r G, ois away from V, G’
is a trivial goal, and n € CSS(G',V U Ran(o) U Var(G’)). Then S is a complete set of
solutions of G away from V.

Proof. From Theorems 4 and 5. O

Thus, if we are given a procedure for enumerating complete sets of solutions of trivial
goals, then we also have a procedure for enumerating complete sets of solutions for any
goal. In addition, since for the trivial goal x1 —* y1 A... Az, —™ y,, the substitution o
such that o(z;) = o(y;) = z is a solution, it follows from Theorems 4 and 5 that we have
a complete procedure for solvability of reachability goals. That is, if a given goal G has
a solution, then the procedure finds some solution of G.

7 Related Work

Reachability analysis techniques in general can be broadly classified into two categories.
The first is based on constructing a finite approximation of the system under consid-
eration, and then systematically exploring the state space of the approximate model;
various abstraction techniques [6, 13, 20] fall in this category. The second approach is
based on directly analyzing the infinite state space; examples include decision procedures
for model checking special classes of infinite state systems [3, 5, 11, 31], tree automata
based techniques [12, 24, 29], and theorem proving [27, 26]. Back-and-forth narrowing
falls in this second category.

Backward and forward narrowing may seem familiar in the context of equational
unification [16, 18, 23, 25], where a unification goal 37 .t; = t is transformed into the
reachability goal 37 .eq(t1,t2) —* tt, and is then (naively) narrowed using RU{eq(t,t) —
tt}. Note that in the transformed goal one can narrow both the lefthand and righthand



sides t; and t, using R, but both only in the forward direction*. Further, linearization is
not necessary in the equational setting where under-the-feet rewrites are inconsequential
due to the confluence assumption. But in a general setting where such assumptions are
dropped, linearization becomes essential. In summary, equational unification procedure
should not be confused with back-and-forth narrowing which is much more general.
Specifically, the equational unification procedure just amounts to naive narrowing, and
as shown by the examples in Sections 5 and 6, back-and-forth narrowing can solve goals
which naive narrowing cannot.

Symbolic reachability analysis using narrowing is also reminiscent of tree-automata
(TA) based techniques for reachability analysis. The n‘® unfolding of the narrowing tree
roughly corresponds to the TA recognizing the states that are reachable within n steps.
However, there are important differences between the two, which we highlight after briefly
recalling the main TA based approaches. In the TA setting, given a rewrite system R and
a regular tree language L, one considers the set [-%]|L = {t € Tx; | Ju € L s.t. u —k% t}.
Then, given regular tree languages I and F', the reachability problem is posed as the
question of whether the intersection [—%]I N F is nonempty. In general, [—=%]] is not a
regular tree language and this problem is undecidable. A first approach is to characterize
classes of rewrite systems R for which, given any regular tree language L, the set [—%]L
is also regular and we can effectively construct a tree automaton recognizing it if we are
given a tree automaton recognizing L. Since the set of instances of a nonlinear term is
not regular, some linearity assumptions are placed on R to characterize suitable classes
(see [30, 29] for some of the most general classes known so far). A second, more generally
applicable approach is to iteratively compute tree automata to recognize [—%]|L (terms
reachable from L in at most n steps). Since [—75|L = U, [—%]L, this yields a semidecision
procedure for reachability analysis provided each [—%]L is regular; for this again some
linearity assumptions on R are needed, and in some approaches [15] non-linearity is dealt
with by over approximations. A third related approach is to compute tree-automata-based
abstractions that approximate the reachability set [12, 24, 29].

In comparison with back-and-forth narrowing, the main differences have to do with
the quite restricted assumptions on term rewriting systems required by TA approaches in
order to ensure preservation of the regularity of the relevant sets of terms involved in the
reachability analysis. By contrast, back-and-forth narrowing is a complete semidecision
procedure for arbitrary rewrite systems; in particular, regularity-preserving restrictions
on a term rewriting system are typically non-symmetric, whereas inverting the rules is
part of the back-and-forth narrowing procedure. Under regularity-preserving conditions
allowing the use of the first TA approach, the reachability problem is decidable, whereas
back-and-forth narrowing is only a semidecision procedure. The third TA approach works
by over-approximation, which ensures correctness of negative answers, but can result in
false positives; instead, with back-and-forth narrowing a positive solution is always correct
and is always found if there is one.

8 Conclusions and Future Work

We have presented back-and-forth narrowing as a semidecision procedure for solving
reachability goals in unsorted and unconditional rewrite systems, and we have proved

4 The idea behind the transformation is that for a confluent equational theory E, o(t1) =g o(t2)
if and only if o(t1) —% t and o(t2) —% t for some term ¢. The proof of Lemma 8 should
shed some light on the fact this idea is totally different from the one behind back-and-forth
narrowing.



its completeness in the solvability sense. Although we have given an unsorted treatment
using standard rewriting, our method can be extended to general order-sorted rewrite
theories of the form (X, E, R) with equations F, under appropriate assumptions along
the lines adopted in [22]. These assumptions include pre-regularity of X, that E = AUB,
where the equations A are confluent and terminating modulo B, and that A and R satisfy
certain coherence properties relative to B. Such an extension, that we plan to document
in a subsequent paper, will make our results available for many other systems.

Another important direction of research is to investigate efficient strategies for back-
and-forth narrowing. Several lazy narrowing strategies are known in the functional-logic
programming context [1, 14, 9]. These strategies are all complete for special classes of
rewrite systems, typically for left-linear and constructor-based systems. These assump-
tions are quite reasonable for functional-logic programming applications, but not so in
non-equational contexts. In recent work with S. Escobar [10], we have proposed a lazy
narrowing strategy called natural narrowing for general term rewrite systems that is
complete in the weak sense, in that it is guaranteed to find all R-normalized solutions.
We conjecture that natural narrowing can be extended to the back-and-forth setting so
that completeness is regained even for non-normalized solutions. This problem will be
dealt with in subsequent papers.
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A Appendix

Proof of Lemma 4: Without loss generality we may assume that Dom(p) C V, oth-
erwise we can consider V' U Dom(p) instead of V. We may also assume V N Var(l) = 0.
Now, since p is R-normalized, the rewrite p(t) —pg t' occurs at some position w €
FuPos(t). Then there is p’ such that Dom(p’) C Var(l), p'(1) = p(t)|w = p(t|ln), and
t' = p(t)[w — p'(r)]. Let W = Var(t|,) U Var(l), and 0 = MGU(t|, = 1,V U Var(l)).
Then ol < (p U p')|lw. Since o(t|l,) = o(l) we have Var(o(t|,)) = Var(o(l)). But
since V N Var(l) = 0, o is away from V U Var(l), and Dom(c) C W, we deduce
Dom(o) = W and Ran(o) = Ran(o]| Va"'(t\w))' Let n" be such that (pUp")|lw = (7' o0)|w,
and n = nl‘Ran(o—) U ply. Then we have p|y = (noo)|y, and p/| Vary = (1°9) | Varg)
(note that Dom(c) = W D Var(l)). Then for t’ = o(tjw « 7]), we have t ~>p ¢, and
further, since Var(r) C Var(l), we have n(t") = ¢'. Now, we prove by contradiction that
7 is R-normalized. Suppose it is not. Then since Dom(n) C Ran(c) UV, n|y = p|v, and
p is R-normalized it follows that there is € Ran(o) such that () is not R-normalized.
Now since Ran(c) = Ran(o]| Var(t\w))’ it follows that there is y € V such that 5o o(y) is
not R-normalized. But since p(y) = n o o(y), we have that p(y) is not R-normalized, a
contradiction. O

Proof of Lemma 6: Let  be a linearized form of ¢, ¢ ~»p t' at position w, and H
be the corresponding reachability goal as constructed in Definition 4. By Lemma 2, we
have o(t) —g t'. Suppose the occurrences of a variable x € Var(t) are renamed to fresh
variables variables z1, ..., 2,. Then since p is a solution of H, we have p(z) —} poo(z;)
for 1 <i < n. Then it follows that p(t) —}, p o o(t). Further, since o(t) —g t/, we have
poo(t) =g p(t'). Putting together these observations we get p(t) —75 p(t'). O

Lemma 9. Let R be a set of rules (possibly with extra variables in their righthand sides),

and let p(t) ﬂ»R t' for some w € FuPos(t) using the rule I — r. Then for any finite set

of variables V' containing Var(t), there are o,t",n such that: (i) t ~g t" using the same
rule, o away from V', (i) n(t") =+, and (i) plv = (noo)|y.

Proof. A simple modification of the proof of Lemma 4. O

Proof of Lemma 7: Let ¢ be a linearized form of ¢ where the occurrences of each
variable x € Var(t) are renamed to distinct variables that are fresh with respect to V,
i.e., Var(t) NV = . From the hypothesis of the statement above, it follows that there is

[“"1 ] ["-’ 'n] [w]

a substitution p’ such that p(t) —g ... —>g p'(t) —r t' and w € FuPos(t). In fact,
if a variable x € Var(t) is renamed to 2’ in ¢, then p(x) —7, p'(2). Let the rule used in
p'(t) =g t' be I — r. We may assume (V U (Var(¢))) N Var(l,r) = 0. Now, by Lemma 9,
there are o, £, and t” such that £ <o ¢ using the rule [ — r, p/| Var@ = (€° )| Vargy
and £(t”) = t'. Without loss of generality we may also assume that o is away from V. Let
H be the reachability goal such that for every variable z € Var(t) whose occurrences in ¢
are renamed to, say, 1, . .., Ty, to obtain ¢, H contains the subgoal x — o(z1)A.. . Az —
o(xy). Then t - t""; H. Let W = Var(t) U Ran(o) U Var(r). Then for n = plv U&|w, we
have 7 is a solution of H, n|y = p|ly and n(t") =¢t'. O



